University of Washington

Abstract

A Wave Propagation Method with Constrained Transport for Ideal and Shallow Water Magnetohydrodynamics

by James A. Rossmanith

Chair of Supervisory Committee:

Professor Randall J. LeVeque Applied Mathematics

The ideal magnetohydrodynamic (MHD) equations are important in modeling phenomena in a wide range of applications including space weather, solar physics, laboratory plasmas, and astrophysical fluid flows. A reduced version of this system known as the shallow water magnetohydrodynamic (SMHD) equations contains many of the features of MHD and can be used as a mathematical model for nearly two-dimensional flows. Numerical methods for these systems must confront the challenge of producing approximate solutions that remain accurate near shock waves and that satisfy a divergence-free constraint on the magnetic field. Failure to accomplish this often leads to unphysical solutions. In this work, a high-resolution wave propagation method is developed that utilizes a novel constrained transport technique to keep the magnetic field divergence-free. This method is compared extensively to other constrained transport methods from the literature on several standard MHD and SMHD test problems. Although initially developed as a Cartesian grid method, this approach is later extended to arbitrary logically rectangular grids on general curved manifolds. As an application problem, the SMHD equations are solved on the surface of sphere using a cubed sphere grid. Such simulations could be used to model the dynamics of the solar tachocline.

TABLE OF CONTENTS

List of Figures iii

List of Tables vii

Chapter 1: Introduction 1 1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Numerical challenges . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 1.3 Overview of this thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

Chapter 2: The Wave Propagation Method 6 2.1 Conservation laws . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.2 Hyperbolic conservation laws and the Riemann problem . . . . . . . . . . . . 7 2.3 Finite volume methods and numerical conservation . . . . . . . . . . . . . . . 13 2.4 The O(Δx^2, Δy^2, Δt^2) wave propagation method . . . . . . . . . . . . . . . . 15 2.5 The nonconservative advection equation . . . . . . . . . . . . . . . . . . . . . 26 2.6 Conservation laws with a capacity function . . . . . . . . . . . . . . . . . . . 29 2.7 Balance laws and source terms . . . . . . . . . . . . . . . . . . . . . . . . . . 30 2.8 The clawpack software . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

Chapter 3: The Ideal Magnetohydrodynamic Equations 38 3.1 Derivation of the ideal MHD equations . . . . . . . . . . . . . . . . . . . . . . 38 3.2 Hyperbolic structure of the ideal MHD equations . . . . . . . . . . . . . . . . 40 3.3 Example: a 1D Riemann problem . . . . . . . . . . . . . . . . . . . . . . . . . 47

Chapter 4: The Shallow Water Magnetohydrodynamic Equations 50 4.1 Derivation of the SMHD equations . . . . . . . . . . . . . . . . . . . . . . . . 50 4.2 Hyperbolic structure of the SMHD equations . . . . . . . . . . . . . . . . . . 55 4.3 Example: a 1D Riemann problem . . . . . . . . . . . . . . . . . . . . . . . . . 59

Chapter 5: Constrained Transport 61 5.1 The divergence-free constraint . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 5.2 A review of available methods for magnetohydrodynamics . . . . . . . . . . . 62 5.3 Constrained transport on Cartesian grids . . . . . . . . . . . . . . . . . . . . 64 5.4 Methods for integrating the induction equation . . . . . . . . . . . . . . . . . 67 5.5 mpact: a new constrained transport method . . . . . . . . . . . . . . . . . . 72 5.6 Test problems in 2D . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

Chapter 6: Magnetohydrodynamics in Generalized Coordinates 89 6.1 Generalized coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89 6.2 The wave propagation method in generalized coordinates . . . . . . . . . . . 93 6.3 The ideal MHD equations in generalized coordinates . . . . . . . . . . . . . . 100 6.4 The SMHD equations in generalized coordinates . . . . . . . . . . . . . . . . 101 6.5 Constrained transport in generalized coordinates . . . . . . . . . . . . . . . . 101

Chapter 7: Application: Flow on the Surface of a Sphere 103 7.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103 7.2 The cubed sphere grid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104 7.3 Advection on the sphere . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111 7.4 Shallow water on the sphere . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114 7.5 Shallow water magnetohydrodynamics on the sphere . . . . . . . . . . . . . . 119

Chapter 8: Conclusions and Future Work 129 8.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129 8.2 Future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

Bibliography 132

LIST OF FIGURES

1.1 Hubble Telescope images of a newly forming star called HH-30. The star lies 450 light-years away in the constellation Taurus. The formation of the star is characterized by an accretion disk and a stellar jet. (This image is taken from http://www.ast.cam.ac.uk.) . . . . . . . . . . . . . . . . . . . . . . . . 2 1.2 A diagram of the solar interior. The solar tachocline is the thin region separating the radiative zone from the convective zone. (This image is taken from

http://imagine.gsfc.nasa.gov.) . . . . . . . . . . . . . . . . . . . . . . . . 3

2.1 The Riemann problem (a) after piecewise constant averaging and (b) after adjustment through the generation of waves propagating at finite speeds. . . 9 2.2 Plots of the characteristics in the x−t plane showing examples of (a) a linearly degenerate wave, (b) a nonlinear shock wave, and (c) a nonlinear rarefaction wave. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 2.3 Piecewise constant finite volume representation. . . . . . . . . . . . . . . . . . 15 2.4 (a) Plot of the region in the θ-ϕ plane that guarantees a TVD update. Note that three standard second order methods (Lax-Wendroff, Beam-Warming, and Fromm’s method) all exit this region at some value of θ. (b) A plot of the Sweby region and the limiter function for the monotonized centered (MC) limiter. (These plots are courtesy of Randall J. LeVeque [53].) . . . . . 22 2.5 A 1D advection equation example. The solution after 20 revolutions is shown using (a) the Lax- Wendroff method and (b) the wave propagation method with the MC limiter. Panel (c) shows that although Lax-Wendroff has a slightly better order of accuracy (p = 1.97) than the MC limiter (p = 1.84), it is less accurate for all “reasonable grid” resolutions. . . . . . . . . . . . . . 23 2.6 Transverse corrections to the wave propagation update are obtained by splitting left- and right-going fluctuations into up- and down-going fluctuations and vice versa. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 2.7 A 2D acoustics equation example on a 200×200 Cartesian grid with a Courant number of 0.95. The circular shape of the reflected wave is accurately maintained by the wave propagation method. . . . . . . . . . . . . . . . . . . . . . 27 2.8 Grid staggering for the advection equation. . . . . . . . . . . . . . . . . . . . 28 2.9 Rayleigh-Taylor instability with an inward pointing gravitational field. The four panels display the density on a 100 × 100 Cartesian grid at time t = 0 (upper right), t = 0.8 (lower right), t = 1.4 (lower left), and t = 2 (upper left). The numerical discretization captures both the dynamics at the initial quasi-steady state and the fully unsteady flow that develops soon after. . . . 36

3.1 Wave structure for the ideal MHD equations. W^1 and W^7 are the fast magnetosonic waves, W^2 and W^6 are the Alvén waves, W^3 and W^5 are the slow magnetosonic waves, and W^4 is the entropy wave. . . . . . . . . . . . . . . . 47 3.2 An example of a Riemann solution for the ideal MHD equations. . . . . . . . 49

4.1 The SMHD equations model the dynamics of a conducting fluid that has a free surface at z = h(x, y, t), is homogeneous in density, and is magnetohydrostatically balanced in the vertical direction. . . . . . . . . . . . . . . . . . 51 4.2 Wave structure for the shallow water MHD equations. W^1 and W^4 are the genuinely nonlinear magnetogravity waves and W^2 and W^3 are the linearly degenerate Alvén waves. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 4.3 An example of a Riemann solution for the shallow water MHD equations. . . 60

5.1 Grid staggering for the induction equation. . . . . . . . . . . . . . . . . . . . 67 5.2 Grid staggering for the ideal MHD and SMHD equations. . . . . . . . . . . . 68 5.3 Flow chart for the wave propagation method with constrained transport. . . . 69 5.4 The same 1D SMHD example as shown in Chapter 4, but solved using the the dw scheme on a 200 × 200 grid with a Courant number of 0.9. In this figure we have plotted a y = constant slice of the y-components of (a) the velocity and (b) the magnetic field. Note the spurious oscillations produced near discontinuities. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 5.5 The grid staggering for the ideal MHD equations in three space dimensions. . 74 5.6 The same 1D SMHD example as shown in Chapter 4, but solved using the the mpact scheme on a 200 × 200 grid. In this figure we have plotted a y = constant slice of each variable. . . . . . . . . . . . . . . . . . . . . . . . . 76 5.7 Solution obtained from the mpact scheme for the multidimensional shock problem. Shown are the height at time (a) t = 0.25 and (b) t = 1.0, B_1 at time (c) t = 0.25 and (d) t = 1.0, and B_2 at time (e) t = 0.25 and (f) t = 1.0. 78 5.8 An x = constant slice of the 2D solution shown in Figure 5.7 compared against a 1D solution of the steady-state equations. . . . . . . . . . . . . . . . 80 5.9 The same 1D SMHD example as shown in Chapter 4, but solved using the the bs scheme on a 200 × 200 grid. In this figure we have plotted the solution using two different Courant numbers: (a) 0.45 and (b) 0.045. . . . . . . . . . 81 5.10 The same 1D ideal MHD example as shown in Chapter 3, but solved using the the mpact scheme on a 200 × 200 grid. In this figure we have plotted a y = constant slice of each variable. . . . . . . . . . . . . . . . . . . . . . . . . 82 5.11 The Orzsag-Tang vortex test problem for the ideal MHD equations. Shown are (a) a contour plot of the thermal pressure at time t = 3.14 and (b) a slice of this data at y = 1.9321. The line drawn across the contour plot (a) is the y = 1.9321 line. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

5.12 The cloud-shock interaction problem for the ideal MHD equations. Plotted are (a) the natural log of the density and (b) the magnitude of the magnetic field. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86 5.13 The rotor test problem for the ideal MHD equations. Plotted are (a) the density, (b) the thermal pressure, (c) the Mach number, and (d) the magnetic pressure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

6.1 Parallel transport and orthonormalization along a coordinate line. . . . . . . 95

7.1 The gnomonic grid mapping maps the six faces of a cube to the surface of a sphere. This mapping is nonorthogonal and generates a grid that varies less than 30% in grid cell area. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105 7.2 (a) A single grid patch is constructed by taking the intersection of a set of angularly equidistant great circles clamped down at the “north” and “south” poles relative to that patch with a set of angularly equidistant great circles clamped down at the the “east” and “west” poles relative to that patch. (b) A plot of the cell area normalized by the largest grid cell. . . . . . . . . . . . 106 7.3 Appropriate boundary conditions must be applied to all 12 interfaces of the cubed sphere grid. Note that across interfaces 7 through 12 the grid patch orientation changes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109 7.4 Two types of boundary conditions for the six sphere patches: (a) Ghost cells are one and the same as grid cells on neighboring patches. No interpolation is required to obtain the solution values (Q_{ij} ) in these ghost cells. (b) Ghost cells are obtained by extending the current grid onto the neighboring patch. Solution values (Q_{ij}) are placed into these ghost cells by one-dimensional interpolation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110 7.5 Staggered grid for the advection equation in generalized coordinates. . . . . . 111 7.6 The stream function for advection over the poles along the great circle which is aligned with the ϕ = −45^∘ and ϕ = 135^∘ coordinate lines. . . . . . . . . . . 112 7.7 The advection of a cosine bell over the poles. Shown are (a) the initial concentration, the solution after (b) one, (c) two (d) three, (e) four and (f) five full revolutions. Plotted are 10 contour lines from q = 0.015 to q = 1 where the dashed lines are the exact solution and the solid lines are the numerical solution. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113 7.8 The advection of a discontinuous profile over the poles. Shown are (a) a contour plot and (b) a scatter plot of the initial concentrations, (c) a contour plot and (d) a scatter plot of the solution after one full revolution, and (e) a contour plot and (f) a scatter plot of the solution after five full revolutions. . 115 7.9 A plot of the total concentration minus the initial concentration as a function of time for (a) the advection of a cosine bell example and (b) the advection of discontinuous profile example. . . . . . . . . . . . . . . . . . . . . . . . . . 116

7.10 Adjustment of a height anomaly at the North Pole on a non-rotating sphere (f = 0). The flow should remain independent of the longitude. Shown are a scatter plot of the height at time (a) t = 0, (b) t = 1.25, and (c) t = 2.5. A plot of the total mass at time t minus the initial mass is shown in plot (d). . 121 7.11 Adjustment of a height anomaly at the North Pole on a rotating sphere (f = 4). The flow should remain independent of the longitude. Shown are a scatter plot of the height at time (a) t = 0, (b) t = 1.25, and (c) t = 2.5. A plot of the total mass at time t minus the initial mass is shown in plot (d). . 122 7.12 Shallow water flow over an isolated mountain centered at 90^∘E longitude and 30^∘N latitude. Shown is the total height (h + b) at time (a) t = 0, (b) t = 0.2, and (c) t = 0.4. There are slight irregularities in the contour lines which occur due to the visualization package. . . . . . . . . . . . . . . . . . . . . . . 123 7.13 Shallow water flow over an isolated mountain centered at 90^∘E longitude and 30^∘N latitude. Shown is the height (h + b) at time (a) t = 0.6, (b) t = 0.8, and (c) t = 1.0. There are slight irregularities in the contour lines which occur due to the visualization package. . . . . . . . . . . . . . . . . . . . . . . 124 7.14 A longitudinally symmetric solution to the SMHD equations on the surface of a sphere. Shown are a scatter plot of the height at time (a) t = 0, (b) t = 2.1, (c) t = 4.2, and (d) t = 6.3. . . . . . . . . . . . . . . . . . . . . . . . . 125 7.15 A longitudinally symmetric solution to the SMHD equations on the surface of a sphere. Shown are a scatter plot of the longitudinal component of the magnetic field at time (a) t = 0, (b) t = 2.1, (c) t = 4.2, and (d) t = 6.3. . . . 126 7.16 A longitudinally symmetric solution to the SMHD equations on the surface of a sphere. Shown are a scatter plot of the latitudinal component of the magnetic field at time (a) t = 0, (b) t = 2.1, (c) t = 4.2, and (d) t = 6.3. . . . 127 7.17 Plots from the longitudinally symmetric SMHD example showing (a) the total mass minus the initial mass as a function of time and (b) the divergence of the magnetic field as function of time. . . . . . . . . . . . . . . . . . . . . . . 128

LIST OF TABLES

2.1 Type of corrections used in the wave propagation method. . . . . . . . . . . . 16 2.2 Properties of the Strang splitting approach. . . . . . . . . . . . . . . . . . . . 31 2.3 Properties of the flux modification approach. . . . . . . . . . . . . . . . . . . 34

5.1 Total variation for the base, rmjf, bs, dw, and mpact schemes for a coordinate aligned SMHD Riemann problem. . . . . . . . . . . . . . . . . . . . . . 75 5.2 Time of crash for various schemes on a multidimensional SMHD shock problem. 77 5.3 Total variation for the base, rmjf, bs, dw, and mpact schemes for a coordinate aligned ideal MHD Riemann problem. . . . . . . . . . . . . . . . . . . 83 5.4 Time of crash for the base scheme on three ideal MHD test problems. . . . . 87

6.1 Vector notation used in this work compared to that of Misner, Thorne, and Wheeler [65]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90 6.2 Examples of metric tensors for some standard coordinate systems. . . . . . . 91 6.3 Vector operations in 3D generalized coordinates. All results are given in terms of contravariant components and all input vectors are in contravariant form (i.e., U_m and V_m are all contravariant components). . . . . . . . . . . . 92

ACKNOWLEDGMENTS

First and foremost, I would like to thank Randy LeVeque for the generosity, patience, advice, and encouragement that he provided as my Ph.D. thesis advisor. His expertise in numerical analysis and scientific computing as well as his interest in numerous applications greatly helped in developing a meaningful thesis topic. I will be forever in his debt.

I am grateful to Piotr Smolarkiewicz of the Mesoscale and Microscale Meteorology Division at the National Center for Atmospheric Research in Boulder, Colorado for granting me an internship during the Summer of 2000. During my visit, I had many fruitful discussions with several people including Joe Klemp, Bill Skamarock, and Dave Muraki.

I would like to thank the professors at Christopher Newport University and the University of Washington for teaching me everything that I know about science and mathematics. In particular, I would like to acknowledge Brian Bradie, Jamie Martin, Hongwei Chen, Parvis Khalili, Randy LeVeque, Dale Durran, K.K. Tung, Peter Schmid, and Greg Hakim.

I would also like to thank Derek Bale, Randy LeVeque, and Sorin Mitran for collaborating with me on several aspects of my research. The input that they provided was invaluable.

Although they are too numerous to list here, I would like to thank all my friends from Yorktown, Newport News, Karlsruhe, Boulder, Seattle, and elsewhere who have been supportive throughout the years.

Finally, I would like to thank my family for all their love and support. In particular, I am grateful to my grandparents, my parents Robert and Jillian, my brothers Robin and Timmy, and my beautiful fiancé Gwang-Soog for all their patience and understanding. To them this work is dedicated.

This work was supported in part by NSF grants DMS-9803442 and DMS-0106511, DOE grant DE-FG03-00ER2592, and a VIGRE Fellowship supported by NSF grant DMS- 9810726.

Chapter 1

INTRODUCTION

The goal of this work is to develop an accurate and robust numerical method for the approximate solution of the ideal magnetohydrodynamic (MHD) equations and the shallow water magnetohydrodynamic (SMHD) equations. This method should be applicable to flows in strictly Cartesian geometries as well as on general curved manifolds including the surface of a sphere. In this Chapter we give motivation for why it is important to study the equations of magnetohydrodynamics, discuss some of the issues that arise when numerically solving them, and give an overview of the contents of this thesis.

1.1 Motivation

In the context of physics, a plasma is an ionized gas that is electrically neutral and that consists of ions, neutrons, and electrons [67]. Astrophysical fluid dynamics is the branch of astronomy dealing with the study of the evolution of plasma in stars, galaxies, and interstellar and intergalactic media [9]. One of the simplest systems of equations for modeling the dynamics of plasmas are the ideal MHD equations. The equations model a non-relativistic, single species plasma that is assumed to be a perfect conductor, inviscid, and composed of a gas that obeys the ideal gas law. We should note here that when we refer to a single species plasma we are actually referring to an electrically neutral soup of electrons, neutrons, and ions. If we further assume that this fluid is of constant density and in hydrostatic balance in the vertical direction, we obtain the shallow water MHD (SMHD) equations [30].

Despite the simplicity of these equations from the point of view of physics, these equations not only pose a considerable mathematical challenge when one is attempting to solve them, but they can in many cases provide good models for various astrophysical phenomena. Below we briefly discuss two specific application problems where the ideal MHD and SMHD equations have been used as mathematical models.

1.1.1 Astrophysical jets

Highly collimated supersonic outflows are an important phenomena observed in many astrophysical settings. These outflows are known as astrophysical jets and “are observed propagating from sources as diverse as active galactic nuclei, young stellar objects, and Planetary Nebulae” [26]. An example of such a jet occurring in the formation of a new star is shown in Figure 1.1. It is believed that these jets contain important information about the sources from which they originated. Although astrophysical jets in general contain very complicated physics, the ideal magnetohydrodynamic equations can provide a simplified

Figure 1.1: Hubble Telescope images of a newly forming star called HH-30. The star lies 450 light-years away in the constellation Taurus. The formation of the star is characterized by an accretion disk and a stellar jet. (This image is taken from http://www.ast.cam.ac.uk.)

framework for understanding their qualitative behavior. Some examples from the literature in which ideal MHD equations have been used as a mathematical model for astrophysical jets include [26], [27], [44], and [60].

1.1.2 The solar tachocline

The solar interior is composed of several zones including the core, the radiative zone, and the convective zone (see Figure 1.2). The radiative and convective zones are separated by a thin layer known as the solar tachocline. It is believed that “the solar tachocline [contains] a rather strong toroidal [magnetic] field that is the source for sunspot fields” [30]. For this reason there is strong interest in the solar physics community to consider fluid dynamic models of the solar tachocline that include the effects of the magnetic field [29]. In particular, Gilman [30] derived from the ideal MHD equations a simplified set of equations known as the shallow water MHD (SMHD) equations. The additional approximations required in order to obtain the SMHD equations are that the fluid has constant density and is in hydrostatic balance in the vertical (radial) direction. Because the solar tachocline is believed to have a thickness of approximately 2%-5% of the solar radius, these assumptions provide a physically plausible model [30]. Furthermore, since the SMHD equations govern an electrically conducting fluid, the fluid dynamics remains coupled to the magnetic field.

Figure 1.2: A diagram of the solar interior. The solar tachocline is the thin region separating the radiative zone from the convective zone. (This image is taken from

http://imagine.gsfc.nasa.gov.)

1.2 Numerical challenges

In the process of developing accurate and robust numerical methods for solving the equations of magnetohydrodynamics one is faced with several numerical challenges. The main challenges which we are concerned with in this work are the following:

• How to accurately solve the equations of magnetohydrodynamics in such a way as to maintain the divergence-free constraint on the magnetic field.

• How to extend such methods to solve the equations of magnetohydrodynamics in generalized coordinates.

Although many types of numerical methods have been developed in order to deal with the divergence-free constraint in magnetohydrodynamics, questions about accuracy and robustness still remain in all of these approaches. Furthermore, in many physical applications we are not only interested in simple Cartesian geometries, but also in flows on curvilinear grids and on curved manifolds.

When solving hyperbolic equations in generalized coordinates, two more fundamental challenges arise:

• How to accurately solve hyperbolic conservation laws with a spatially varying flux function.

• How to solve balance laws in such a way that steady states are accurately maintained.

Both a spatially varying flux function as well as a geometric source term are induced by the metric of the underlying coordinate system [5].

1.3 Overview of this thesis

In this work we consider each of the above numerical challenges in the context of the LeVeque wave propagation method [51]. This method has in the past been successfully applied to several application problems including acoustics [24, 25], linear elasticity [23], nonlinear elasticity [54], shallow water waves [52], incompressible fluid dynamics [48], combustion and detonation waves [39, 40], relativistic hydrodynamics [3], and numerical relativity [8]. We concentrate in this work on the application to magnetohydrodynamics. An overview of the contents of each chapter is given below:

Chapter 2. In this chapter the wave propagation method as it applies to general hyperbolic systems is derived. We introduce the notion of a Riemann problem and how this can be used to obtain accurate numerical solutions to problems in which shock waves and other types of discontinuities may form. We then discuss some recently published modifications [5, 58] to the original wave propagation method [51]. We describe how these modifications allow us to compute accurate solutions to conservation laws with spatially varying flux functions and provide us with a technique for solving balance laws without the need for operator splitting.

Chapter 3. In this chapter the ideal magnetohydrodynamic equations are introduced. We derive the ideal MHD system and discuss the physical assumptions necessary to accomplish this. Once derived, the hyperbolic structure of the MHD equations is explored and an approximate Riemann solver based on arithmetic averages is reviewed.

Chapter 4. This chapter is concerned with the derivation and hyperbolic structure of the shallow water magnetohydrodynamic equations. This chapter on SMHD is analogous to the previous chapter on ideal MHD.

Chapter 5. In this chapter we consider a technique that can be coupled with the wave propagation method for keeping the magnetic field divergence-free in the ideal MHD and SMHD equations. We argue why it is necessary to numerically impose this divergencefree constraint and later show that failure to do so can lead to unphysical solutions. We review several types of methods found in the literature and discuss their strengths and weaknesses. In particular, it is argued that the constrained transport method is a natural choice for solving the MHD and SMHD equations. Despite this claim, we show that the constrained transport methods proposed by Balsara and Spicer [7] and Ryu et al. [78] are both inconsistent and that the Dai and Woodward [20] approach introduces large unphysical oscillations near shocks. To overcome these difficulties, we propose a novel approach based on TVD ideas. We demonstrate the accuracy and robustness of this method by applying it to several ideal MHD problems from the literature. The SMHD system has only recently been introduced by Gilman [30] and numerical solutions to these equations have previously only been considered by De Sterck [83, 84]. We demonstrate that the wave propagation method with constrained transport can also be applied to the SMHD system by considering the same test cases found in [83, 84].

Chapter 6. We focus in this chapter on extending the previously developed wave propagation method with constrained transport to generalized coordinates. In particular, we modify the curved manifold wave propagation method developed by Bale [3]. The ideal MHD and the SMHD equations and the previously developed constrained transport method are all extended to generalized coordinates.

Chapter 7. As an application problem of the method developed in the previous chapter, we consider the problem of solving the SMHD equations on the surface of a sphere. Such simulations could be used to model the dynamics of the solar tachocline. In order to avoid the grid singularities that are introduced by a latitude-longitude grid at the North and South Poles, we make use of a “cubed sphere” grid [75]. The cubed sphere grid is a collection of six smaller grid patches that cover the entire surface of the sphere without overlap. Special boundary conditions must be applied across the interfaces separating the six patches in order to guarantee an accurate mass and momentum transfer. On this grid we solve the linear advection equation, the shallow water equations, and the shallow water magnetohydrodynamic equations. For each system we consider test problems that validate the numerical method.