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We've all been
there.
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Let’s start with Euler

Jx .
e’ =Ccosx+ jsinx



First, let’s prove Euler

(x,y)=x+jy

r

0\

Source:

Let’s assume that e/* has a value
somewhere on the real and imaginary
plane, we just don’t know what that
value is.

If it has a value, we must be able to
represent it in either polar or
rectangular coordinates.

X=rcos6
y=rsinf

So let’s assume:
eX=r(cos@+jsin0)

for some r and 6 that are functions
of x, and test whether that’s true.

Strang, Gilbert (1991). Calculus. Wellesley-Cambridge. p. 389. ISBN 0-9614088-2-0.
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Assume there exist some functions r and 8 of x such that:
el = r(cos @+ jsin6)
Taking the derivative of each side:

d jx d .
—e’l7 = r(cos@+ jsiné
e =—(r( jsin9))
ieu:eu@ i(uv)zudv+vdu
dx dx dx dx dx
iejx:je]'x 4 056 =—sing
dx dx dx
isin 6 = cos Hd—g
dx dx
jejx _ dé dr

r(—simné@+ jcos@)—+(cosf+ jsin@)—
dx X



dx dx

Substituting our original assumption:

¥ = r(cos@+ jsin0)
do

Jr(cos@+ jsinf) = r(_Sin(9+jC089)—+(COS@—I—jSin@)@
dx dx

Separating the real and imaginary parts:

—

—rsinf = —rsin@d—9+cosﬁﬂ
dx dx

jrcos@ = jrcosé’d—9+jsin9@
dx dx

~ means




Our original assumption plus what we now know:

et = r(cos @+ jsin6)

do

— =1 means @=x+b where b isaconstant.
dx

dr .

—=0 means r is a constant.

dx

If this is true for any x, it must also be true for x = 0.

ejozeozlzr(cosﬁJrjsinH)
r=1 d =0
x=0
Therefore  b=0
0=x
Jjx _ .
e’” =cosx+ jsinx



Now that we trust Euler, let’s use it
to do some derivations.

e IX
cos( x )
sin( x )
cos(x+0)
sin(x+ 0 )
cos?( x )
sin?( x )






Jx ..
e’ =cosx+ jsinx

e 7 =cos(=x)+ jsin(—x)

cos(—x) =cosx
sin(—x) = —sin x

e 7Y =cosx+ j(—sinx)

— JX .
e =COSXx— jsinx



cos( x ) and sin( x)



Jx ..
e’ =cosx+ jsinx

=COSX— jsinx




cos(x+0)



Jx - Jx

e e
COS X =
2
j(x+80) —j(x+6)
cos(x+6’)=e e
2
x(b+c)=xbxc
Jx,jo  —Jjx —Jjo
cos(x+<9)=e € +; €

2cos(x+60)= e]xeje +e_jxe_j(9



2cos(x+60)= e]xeje +e_jxe_j€

Jx ..
e’ =Cosx+ jsimnx

—Jx _ .
e =COSX— jsinx
2cos(x+8)=(cosx+ jsinx)(cos@+ jsin)

+(cosx— jsin x)(cos@ — jsin &)

2cos(x+60)=cosxcos@+ jcosxsinf
+ jsinxcos@—sinxsiné
+ cosxcosf — jcosxsinf

— jsinxcos@ —sin xsin &

2cos(x+6)=2cosxcosf —2sinxsinf

cos(x+6)=cosxcosf —sin xsiné



similarly for sin( x + 90 )



. ejx—e_jx
sin x =
2j
ej(x+6’) _e—j(x+¢9)
sin(x +6) =

2j
x(b +0) = xbxc

e]xe] 0 — 8_ ]xe_ J o

sin(x +6) = Y
J

2jsim(x+6)= e]xejg —e_]xe_*](g



2 jsin(x +6) =e]xe]6 —e_]xe_]e

Jx .
e’ =Cosx+ jsmx

—Jx _ .
e =COSX— jsinx
2jsin(x+6)=(cosx+ jsinx)(cos@+ jsin )

—(cosx— jsinx)(cos@— jsin )

2jsm(x+6)=cosxcos@+ jcosxsinf
+ jsinxcos@—sinxsiné
—Ccosxcos@+ jcosxsinf

+ jsin xcos @ +sin xsin @

2jsin(x+6)=2jsinxcosfd—2jcosxsiné

sin(x +6) =sin xcos @ —cos xsin &



cos?( x )



/¥ 1o I¥
COS X =
2
2 e e M| /Mt M
COs™ x =
2 2
0) ej2x+2ejxe_]x+e_]2x
COS”™ x =
4
2 e]2x e_]2x+2
COS”™ x = 1

cos? x = %(cos 2x+1)




similarly for sin?( x )



. ejx—e_jx
sin x =
2]
, AP (P
SiIn X =
2j 2]

e]2x —2¢Mte It +e_]2x

—4

sin” X =

2—ej2x+e_j2x

L2
SiIn X =
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