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Other Runge Kutta Methods

m Runge Kutta Fehlberg

« Computesy,,,, by 2 methods
simultaneously

« Different orders so h sizeis validated
+ 4% and 51
« Improvement on extrapolation
m Runge Kutta Merson
+ Variant 4" order
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An Algorithm for the Runge-Kutta-Fehlberg Method
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Comparison of Methods
Method Globa |Loca |f(x,y)
| Error |Error |Evaluations
Euler O(h) (O3 |1
Modified Euler O(h?) [O(h3) |2
Runge Kutta o) |O(h®) |4
Runge Kutta Oo(h%) |O(hd) |5
Merson
Runge Kutta O(h?) |O(h®) |6
Fehlberg

Multi-Step Methods

m Apply moreinformation

« Use more than just initial conditions
m Apply data from more previous iterations
m Combination of

« Interpolation

« Diff.EQ solving

Adam’s Method (1)

Consider arearrangement
%ﬂ(x,y)
dy =f (x, y)dx

J oy =y,my, = [flcy)ix

Use an interpolation form

f(x,y):ihz(fn —2fn-1+fn-2)x2 +§h(3fn et freapc o

' r
If (x,y)dx = 17@3fn —16fn-1+5fn-2)
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Adam’s Method (2)

Final Form

yn+1 = yn +%(23fn _lefn—l +5fn—2)+o( 4)

At higher orders

Yo =Ynt % (55fn —59f,, +37f,, - 9fn—3)+ O(hs)

Milne s Method

Also include integration methods

Jay = [iley)e= [P

Xn-3 Xn-3

Working through the math

4h
Yo = Yns +?(2fn _fn—l +2fn—2)+o( 5)
Poorer error overcome by prediction-correction

Your =Yna t g (f na HAf, +fn—1)+ o(hs)

Usepredicted y,,,

Adams-Moulton Method

More stable than Milne using Undeter mined Coefficients

h
Predict Yna =Yn +—4(55fn -50f,, +37f,, - of ) +Of°)
Correct Yo=Y, +£(9fn+1 +19f, -5f +fn72)+o(h5)

Mid-step Inter polations (Nice for halving h)

-+
Vo= . (35yn+140yn1 —70yn 2 +28Yns—5yns)

Vn-3 = T

(= Yn +24yn-1 + 54yn-2 —16yn-3 + 3yn-4\
Fewer f evaluations than Runge K utta methods!
First stepsrequire other methods!
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Convergence Criteria (1)

m How small should h be?
m Definitions

* Yy, = predicted value of y,,,

* Yy, = corrected value of y,,;

eD= Ye _Yp

« N = number of decimal digitsrequired
m Approach

« Continue to correct corrections until
convergence

+ Examine the math [not shown]
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Convergence Criteria (2)

Adams-Moulton
Accuracy: D x 10N < 14.2

| h<24/9
Criteria % £, Monitor the
N 2419 iterationsto
ébxm < h‘fn‘ verify that D
Milne isn't too
Accuracy: D x 10N < 29 large!
0 h<3
wia B H
Criteria O 3
bx10" <
H hif|

Multi-Valued Methods

Start with 3"-order Taylor approximation

2. Predict valuesfor y derivatives by
differentiating f

3. Correct predictions using secant
information

m Bonus

« Future steps are already partialy
computed

© 2000 by Henry L. Welch




