Submitted to the Annals of Statistics

WAVELET VARIANCE ANALYSIS FOR GAPPY TIME
SERIES*

By DEBASHIS MONDAL AND DONALD B. PERCIVAL

University of Washington

The wavelet variance is a scale-based decomposition of the pro-
cess variance for a time series and has been used to analyze, for ex-
ample, time deviations in atomic clocks, variations in soil properties
in agricultural plots, accumulation of snow fields in the polar regions
and marine atmospheric boundary layer turbulence. We propose two
new unbiased estimators of the wavelet variance when the observed
time series is ‘gappy,’ i.e., is sampled at regular intervals, but certain
observations are missing. We deduce the large sample properties of
these estimators and discuss methods for determining an approximate
confidence interval for the wavelet variance. We apply our proposed
methodology to series of gappy observations related to atmospheric

pressure data and Nile River minima.

1. Introduction. In recent years, there has been great interest in using
wavelets to analyze data arising from various scientific fields. The pioneer-
ing work of Donoho, Johnstone and co-workers on wavelet shrinkage sparked
this interest, and wavelet methods have been used to study a large number

of problems in signal and image processing including density estimation,
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deconvolution, edge detection, nonparametric regression and smooth esti-
mation of evolutionary spectra. See, for example, [6], [11], [10], [15], [20],
[23], [27] and references therein. Wavelets also give rise to the concept of
the wavelet variance (also called the wavelet power spectrum) which de-
composes the sample variance of a time series on a scale by scale basis and
provides a time- and scale-based analysis of variance. Here ‘scale’ refers to a
fixed interval or span of time [30]. The wavelet variance is particularly useful
as an exploratory tool to identify important scales, to assess properties of
long memory processes, to detect inhomogeneity of variance in time series
and to estimate time-varying power spectra (thus complementing classical
Fourier analysis). Applications include the analysis of time series related
to electroencephalographic sleep state patterns of infants [7], the El Nifo—
Southern Oscillation [37], soil variations [25], solar coronal activity [33], the
relationship between rainfall and runoff [24], ocean surface waves [26], sur-
face albedo and temperature in desert grassland [29], heart rate variability

[32] and the stability of the time kept by atomic clocks [19].

1.1. Variance decomposition. If X; (t € Z) is a second-order stationary
process, a fundamental property of the wavelet variance is that it breaks up
the process variance into pieces, each of which represents the contribution to
the overall variance due to variablity on a particular scale. In mathematical

notation,
_ = 2
var (X¢) = Y _ vk (7)),
j=1

where v% (7;) is the wavelet variance associated with dyadic scale 7; = 2771
see equation (2.5) for the precise definition. Roughly speaking, v%(7;) is a

measure of how much a weighted average of X; over an interval of 7; differs
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from a similar average in an adjacent interval. A plot of v%(7;) against 7;
thus reveals which scales are important contributors to the process variance.
The wavelet variance is also well-defined if X; is intrinsically stationary,
which means that X; is nonstationary but its backward differences of a
certain order d are stationary. For such a process the wavelet variance at
individual scales 7; exists and serves as a meaningful description of variablity

of the process.

1.2. Scalogram. If X, is intrinsically stationary and has an associated
spectral density function (SDF) Sx, the wavelet variance provides a simple

regularization of Sx in the sense that
9—i
v (1) ~ 2 s Sx(f)df.

The wavelet variance thus summarizes the information in the SDF using
just one value per octave frequency band and is particularly useful when the
SDF is relatively featureless within each octave band. Suppose for example
that Xy is a pure power law process, which means that its SDF is propor-
tional to |f|*. Then, with a suitable choice of the wavelet filter, v%(7;) is
approximately proportional to T]-*"‘*l. The scalogram is a plot of log{v'% (1)}
versus log(7;). If it is approximately linear, a power law process is indicated,
and the exponent « of the power law can be determined from the slope of

the line. Thus for this and other simple models there is no loss in using the

summary given by the wavelet variance.

1.3. Local Stationarity. Wavelet analysis is particularly useful to handle
data that exhibit inhomogeneities. For example if the assumption of sta-

tionarity is in question, an alternative assumption is that the time series is
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locally stationary and can be divided into homogenous blocks. The wavelet
variance can be used to check the need for this more complicated approach.
Moreover, when stationarity is questionable, as an alternative to dividing
the time series into disjoint blocks, we can compute wavelet power spectra
within a data window and compare its values as the window slides through
the time series. Note that we are not advocating infill mechanism here since
a large number of time series observed in geophysics tend to have future
observations and obtaining further observations at finer grid (rather than
in future) is prohibitive. See Section 7.2 for an example of a time series for

which the homogeneity assumption is questionable.

1.4. Gappy series. In practice, time series collected in various fields of-
ten deviate from regular sampling by having missing values (‘gaps’) amongst
otherwise regularly sampled observations. As is also the case with the clas-
sical Fourier transform, the usual discrete wavelet transform is designed for
regularly sampled observations and cannot be applied directly to time series
with gaps. In geophysics, gaps are often handled by interpolating the data,
see e.g., [40], but such schemes are faced with the problem of bias and of
deducing what effect interpolation has had on any resulting statistical infer-
ence. There are various definitions for nonstandard wavelet transforms that
could be applied to gappy data, with the ‘lifting’ scheme being a prominent
example [36]. The general problem with this approach is that the wavelet
coefficients are not truly associated with particular scales of interest, thus
making it hard to draw meaningful scale-dependent inferences. The method-
ologies developed here overcome these problems. Wavelet analysis has also

been discussed in the context of irregular time series [12], and in the context
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of signals with continuous gaps [14]. Related works address the problem of
the spectral analysis of gappy data [35]. The statistical properties of some of
these methodologies are unknown and not easy to derive. We return to this
in Section 8 and indicate how we can use our wavelet variance estimator to
estimate the SDF for gappy data.

This paper is laid out as follows. In Section 2 we discuss estimation of
the wavelet variance for gap-free time series. In Section 3 and 4 we describe
estimation and construction of confidence intervals for the wavelet variance
based upon gappy time series. In Section 5 we compare various estimates
and perform some simulation studies on autoregressive and fractionally dif-
ferenced processes, while Section 6 describes schemes for estimating wavelet
variance for time series with stationary dth backward differences. We con-
sider two examples involving gappy time series related to atmospheric pres-
sure and Nile River minima in Section 7. Finally we end with some discussion

in Section 8.

2. Wavelet variance estimation for non-gappy time series. Let
h1, denote a unit level Daubechies wavelet filter of width L normalized such
that 3, hi, = % [9]. The transfer function for this filter, i.e., its discrete

Fourier transform (DFT)

L1
Hi(f) = hige 2/t
1=0

has a corresponding squared gain function by definition satisfying

37l
(2.1)  Hu(f) = [Hi(f))? =sin”(nf) Y (2 ! +l> cos® (r f).

=0 !

We note that hy; can be expressed as the convolution of % first difference

filters and a single averaging filter that can be obtained by performing %
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cumulative summations on k1 ;. The jth level wavelet filter h;; is defined as

the inverse DFT of

i—2
02 H)=HE ) T[e DG - o),
=0

The width of this filter is given by L; = (27 — 1)(L — 1) + 1. We denote the

corresponding squared gain function by ;. Since H;(0) = 0, it follows that
Lj—1
(2.3) > hjy=0.
=0
For a nonnegative integer d, let X; (¢ € Z) be a process with dth order
stationary increments, which implies that
4 (d
(2.4) v, =) <k) (=1)* X4
k=0
is a stationary process. Let Sx and Sy represent the SDFs for X; and Y;.
These SDFs are defined over the Fourier frequencies f € [—%, ] and are
related by Sy (f) = [2sin(7f)]?¢Sx(f). We can take the wavelet variance at

scale 7; = 29! to be defined as
) 1/2

(2.5) vx (1) = " Hi(f)Sx(f) df-
By virtue of (2.1) and (2.2), the wavelet variance is well defined for L > 2d.
When d = 0 so that X} is a stationary process with autocovariance sequence
(ACVS) sx i = cov {Xy, X1}, then we can rewrite the above as

L;—1L;—1
(2.6) vk() = D D hjahjrsxi-v.

=0 I'=0
When d = 1, the increment process Y; = X; — X;_1 rather than X, itself is

stationary, in which case the above equation can be replaced by one involving

the ACVS for Y; and the cumulative sum of h;; [8]. Alternatively, let vx ; =
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svar (Xo — X},) denote the semi-variogram of X;. Then the wavelet variance

can be expressed as

Lj—1L;—1

(2.7) vi(m) ==Y > hjhjryxi-u-

=0 I'=0

The above equation also holds when X} is stationary.
Given an observed time series that can be regarded as a realization of
Xo,...,Xn_1 and assuming the sufficient condition L > 2d, an unbiased

estimator of v%(7;) is given by

1 N1
Ux (1) = — Z W]2,ta
Jt=L;-1
where M; = N — L; + 1, and
Lj—1
Wj,t = Z hj,lthl-
=0

The wavelet coefficient process W;; is stationary with mean zero, an SDF
given by H;(f)Sx(f) and an ACVS to be denoted by s;;. The following
theorem holds [30].

THEOREM 2.1. Let W;; be a mean zero Gaussian stationary process

satisfying the square integrable condition

AjE ’HQ(f) Z 3]k<oo

k=—00
Then 0% (7;) is asymptotically normal with mean v%(;) and large sample

variance 2A;/M;.

In practical applications, A; is estimated by

':2j0+z J,k7



where
1 N-1-|K|
85k Y WiiWjei
J t=L;—1

is the usual biased estimator of the ACVS for a process whose mean is known
to be zero. Theorem 2.1 provides a simple basis for constructing confidence

intervals for the wavelet variance v%(7;).

3. Wavelet variance estimation for gappy time series. We con-
sider first the case d = 0, so that X; itself is stationary with ACVS sx
and variogram 7yx . Consider a portion Xg,...,Xxn_1 of this process. Let
d¢ be the corresponding gap pattern, assumed to be a portion of a binary
stationary process independent of X;. The random variable §; assumes the
values of 0 or 1 with nonzero probabilities, with zero indicating that the

corresponding realization for X; is missing. Define
Bt =Pr(6=1 and dp1p = 1),

which is necessarily greater than zero. For 0 <1,I' < L; — 1, let
R 1 N1
5;?;:1 = Z 0104y
Jt=L;—-1

We assume that Bﬁ} > 0 for all [ and I'. For a fixed j, this condition will

hold asymptotically almost surely, but it can fail for finite N for a time series

with too many gaps, a point that we return to in Section 8. By the weak

law of large numbers, Bﬁ,l is a consistent estimator of 5, ll, as N — oo.
Counsider the following two statistics:

N-1 Lj—1Lj—1
1

Z Z bt Bry Xo—1 X—p 611641

 t=L;—1 1=0 I'=

(3.1) ux(7;) =
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and

N—1 Lj—1Lj—1

(3:2) dx(m)=—5:7 D Z hj b B (Xe—t — Xe—v)? 6016t

Mj Li—1 1=0 I'=
When 6; = 1 for all ¢ (the gap-free case), both statistics collapse to 9% (7;).

Conditioning on the observed gap pattern § = (dy,...,0n—1), it follows that

E{ax(rj) | 6} = E{ox(ry) | 6} = vk (7))

and hence that both statistics are unconditionally unbiased estimators of
v%(7;); however, whereas 7% (7;) > 0 necessarily in the gap-free case, these
two estimators can be negative.

REMARK: In the gappy case, the covariance type estimator @x(7;) does
not remain invariant if we add a constant to the original process X;, whereas
the variogram type estimator vx (7;) does. In practical applications, this fact
becomes important if the sample mean of the time series is large compared
to its sample standard deviation, in which case it is important to use 4 x (7;)

only after centering the series by subtracting off the sample mean.

4. Large sample properties of 4 x(7;) and ox(7;). For a fixed j,

define the following stochastic processes:

Li—1L;—1
(4.1) Zugi= Y > hihiuBivXe-1 Xe yS—i6—v,
=0 '=0
and
“1Lj—1
(4.2) Zyjt = —% Z Z hjhip Bi-v (X1 — Xov)*6e 16 v
1=0 1'—=0

The processes Z, j: and Z, j; are both stationary with mean I/}K—(Tj), and

both collapse to W7, in the gap-free case. Our estimators i.x (7;) and ox (7;)
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are essentially sample means of Z, ;; or Z, ;;, with 8;_y replaced by BAU:.
At this point we assume the following technical condition about our gap

process.

AsSUMPTION 4.1.  For fized j, let Vp; = 8i—i0s—p for p = (I,1I') and
L,I'=0,...,L;—1. We assume that the covariances of Vp, 1 and Vp, ; satisfy
Yok | €ov(Vpy b, Voo tk)| < 00 and the higher order cumulants satisfy

N-1 N-1
(4.3) S feum (Vo g, - -, Voo )| = o(N™/2)
t1=0  tn=0

forn=3,4,... and for fized p1,...,py.

REMARK: Assumption 4.1 holds for a wide range of binary processes.
For example, if §; is derived by thresholding a stationary Gaussian process
whose covariances are absolutely summable, then the higher order cumulants
of Vp; are absolutely summable. Note that Assumption 4.1 is weaker than
the assumption that the cumulants are absolutely summable. This latter
assumption has been used to prove central limit theorems in other contexts;

see, e.g., assumption 2.6.1 of [4].

The following central limit theorems (Theorem 4.2 and 4.3) provide the
basis for inference about the wavelet variance using the estimators .y (7;)
and 0x(7;). We defer proofs to the Appendix, but we note that they are
based on calculating mixed cumulants and require a technique sometimes
known as a diagram method. This method has been used widely to prove
various central and non-central limit theorems involving functionals of Gaus-

sian random variables. See e.g., [3], [16], [17], [13], [21] and the references
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therein. While building upon previous works, the proofs involve some unique
and significantly different arguments that can be used to strengthen asymp-

totic results in other contexts, e.g., wavelet covariance estimation.

THEOREM 4.2. Suppose X; is a stationary Gaussian process whose SDF
is square integrable, and suppose 0; is a strictly stationary binary process (in-
dependent of X;) such that Assumption 4.1 holds. Then tix(7;) is asymp-
totically mormal with mean v%(7;) and large sample variance S, ;(0)/M;

where Sy ; is the SDF for Z, ;, with a formula stated in the Appendiz.

REMARK: The Gaussian assumption on X; can be dropped if we add ap-
propriate mixing conditions, an approach that has been taken in the gap-free
case [34]. Since our estimators are essentially averages of stationary processes
(4.1) and (4.2), asymptotic normality for the estimators (3.1) and (3.2) will
follow if both X; and the gap process §; possess appropriate mixing condi-
tions. Moreover, construction of confidence intervals for the wavelet variance
when X; is non-Gaussian and the asymptotic normality of the estimators
holds is same as what is described below. This incorporates robustness into

the methods developed in this paper.

Given a consistent estimator of S, j(0), the above theorem can be used to
construct an asymptotically correct confidence interval for v%(7;). We use
a multitaper spectral approach [34]. Let

Lj—1L;—1

Zu,j,t = Z Z hj,lhj,l’,él,l’thlXt—l’5t*l6t—l’, t= LJ — 1, e ,N —1.
=0 I'=0

Let Ap4, t=0,...,M; — 1, for k =0,...,K — 1 be the first K orthonormal
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Slepian tapers, where K is an odd integer. Define

Ml Mt Yrce kN +
> - K02, ,J,
Jujk = O MepZujtili—1s Mot = D Mgy Uy =
=0 =0 Zk 0,2, Moyt

We estimate S, ;(0) by
K—

u,j(0) = Z i — WA, +)2

Following the recommendation of [34], we choose K = 5 and set the band-
width parameter so that the Slepian tapers are band-limited to the interval
[— 2M ) 2M . Previous Monte Carlo studies (see [34]) show that S, ;(0) per-
forms well.

We now turn to the large sample properties of the second estimator

¥x (7;), which closely resemble those for @ x (7;).

THEOREM 4.3. Suppose X; or its increments is a stationary Gaussian
process whose SDF is such that sin?(nf)Sx (f) is square integrable. Assume
the same conditions on 8y as in Theorem 4.2. Then 0x (7;) is asymptotically
normal with mean v%(7;) and large sample variance S, j(0)/M;, where S, ;

is the SDF for Z, ;, with a formula stated in the Appendiz.

Based upon

Lj-1L;—1

Zyjr=—1 Z Z hahp B (Xi—1 — Xo—ir) 2011011,
=0 U=

we can estimate S, ;j(0) using the same multitaper approach as before.

4.1. Efficiency study. The estimators 4x(7;) and 0x(7;) both work for

stationary processes, whereas the latter can also be used for nonstationary
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processes with stationary increments. If o x (7;) performed better than 4 x (7;)
in the stationary case, then the latter would be an unattractive estimator
because it is restricted to just stationary processes. To address this issue,
consider the asymptotic relative efficiency of the two estimators, which is
given by the ratio of S, ;(0) to Sy ;(0). For selected cases, this ratio can be
computed to sufficient accuracy using the relationships

o0 o0
Suj(0) = Y sujk and 8,5(0) = Y sujk

k=—00 k=—00

where s, ;; and s, j are the ACVSs corresponding to SDFs S, ; and S, ;.
We consider two cases, in both of which we use a level 7 = 3 Haar wavelet
filter and assume that §; is a sequence of independent and identically dis-
tributed Bernoulli random variables with Pr(§; = 1) = 0.9. In the first case,
we let X; to be a first order autoregressive (AR(1)) process with sx j, = ¢/¥l.
The left-hand plot of Figure 1 shows the asymptotic relative efficiency as a
function of ¢. Except for ¢ close to unity, 4x (7;) outperforms ox (7;). When
¢ is close to unity, the differencing inherent in 9 x (7;) makes it a more stable
estimator than 4x(7;), which is inituitively reasonable because the AR(1)
process starts to resemble a random walk. For the second case, let X; to be

a stationary fractionally differenced (FD) process with sx j satisfying

(1 —2a) d E+a-1
Sx0 = and sy =Sxk-1————
XTI — a1 —a) Kok T EXELT
for k =1,2,...; see, e.g., [18], [22]. Here a < % is the long memory parame-

ter, with a = 0 corresponding to white noise and « close to % corresponding
to a highly correlated process whose ACVS damps down to zero very slowly.
The right-hand plot of Figure 1 shows the asymptotic relative efficiency as

a function of a. As a approaches %, the variogram-based estimator vx(7;)
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outperforms @ x (7). These two cases tell us that 4x(7;) is not uniformily
better than ox(7;) for stationary processes and that, even for these pro-
cesses, differencing can help stabilize the variance. Experimentation with

other Daubechies filters leads us to the same conclusions.

5. Monte Carlo study. The purpose of this Monte Carlo study is to
access the adequacy of the normal approximation in Theorem 4.2 and 4.3

for simple situations. We also look at the performance of the estimates of

Su,j (0) and Sv,j (0)

5.1. Autoregressive process of order 1. In the first example, we simulate
1000 time series of length 1024 from an AR(1) process with ¢ = 0.9. For
each time series, we simulate §; independent and identically from a Bernoulli
distribution with Pr(§; = 1) = p = 0.9. For each simulated gappy series, we
estimate wavelet variances at scales indexed by j = 1,...,6 using 4x(7;)
and 9x (7;) with the Haar wavelet filter. We also estimate the variance of the
wavelet variances by using the multitaper method described in Section 4 and
also from the sample variance of the Monte Carlo estimates. We then com-
pare estimated values with the corresponding large sample approximations.
Table 1 summarizes this experiment. Let @ x (1) and 9x (7;) be the wavelet
variance estimates for the rth realization, and let S, (0) and S, ;,(0) be
the corresponding multitaper estimates of S, ;(0) and S, ;(0). We note from
Table 1 that the sample means of ix,(7;) and 0x,(7;) are in excellent
agreement with the true wavelet variance v%(7;). The sample standard de-
viations of 4x  (7;) and 0x ,(7;) are also in good agreement with M. J-_%SE’ ;(0)

and M Jf%Sf,j (0). In particular, the ratios of the standard deviation of the
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Ux r(7;)’s to their large sample approximations are quite close to unity, rang-
ing between 0.884 and 1.005. The corresponding ratios for ox,(7;) range
between 0.926 and 1.002. We also consider the performance of the multita-

—1 A1
per estimates. In particular, we find the sample means of M i S?

. j’T(O) and

—1 .1
M;*8;
J

»jr(0) are close to their respective theoretical values, but with a slight

downward bias. Figure 2 plots the realization of the time series for which
the sum of squares of errors 3= ;{tx (1) — v%(1;)}? is closest to the average
sum of squares of errors, namely, 1000~" 3, > {dx(7;) — vk (7j)}*. For
this typical realization, we also plot the estimated and theoretical wavelet
variances with corresponding 95% confidence intervals. The black (gray)
solid line in Figure 2 gives the estimated (theoretical) confidence intervals
based on ux(7;), with the dotted lines indicating corresponding intervals
based upon 9x(7j). We see reasonable agreement between the theoretical

and estimated values.

5.2. Kolmogrov turbulence. In the second example, we generate 1000
time series of length 1024 from an FD(2) process, which is a nonstation-
ary process that has properties very similar to Kolmogorov turbulence and
hence is of interest in atmospheric science and oceanography. For each time
series, we simulate the gaps J; as before. In this example increments of X,
rather the X itself are stationary. Therefore we employ only 9x(7;) and
consider how well its variance is approximated by the large sample result
stated in Theorem 4.3. Table 2 summarizes the results of this experiment
using the Haar wavelet filter. Again we find that, for each level j, the average
dx,(7;) is in excellent agreement with the true v% (7;); the sample standard

deviation of 0x,(7;) is in good argeement with its large sample approxima-
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tion; and the sample mean of MJ-_E,SA’EJ-(O) is close to M]-_%Sf,j(O), with a
slight downward bias. Figure 3 has the same format as Figure 2 and again

indicates reasonable agreement between theoretical and estimated values.
6. Generalization of basic theory.

6.1. Gappy dth order stationary increment process. In this subsection,
we extend the basic theory developed in Section 3 and Section 4 to handle
estimation of the wavelet variance for dth order stationary increment pro-
cesses. First we note that Theorems 4.2 and 4.3 hold for a wider class of
wavelet filters than just the Daubchies filters. In particular, both theorems
continue to hold for any filter h;; that has finite width and sums to zero
(if the original process X; has mean zero, Theorem 4.2 only requires h;; to
be of finite width). This provides us with an estimation theory for wavelet
variances other than those defined by a Daubechies wavelet filter. For ex-
ample, at the unit scale, we can entertain the filter {—1%,1, -1}, which can
be considered to be a discrete approximation of the Mexican hat wavelet.
Moreover, as useful byproducts, we obtain the following schemes that deal
with estimation of the Daubechies wavelet variance for a general dth order
backward stationary increment process.

Assume as in (2.4) that X; for ¢ € Z is a process with dth order stationary
increments Y;. Let py be the mean, sy the ACVS and 7y the semi-
variogram of Y;. For L > 2d, an expression for the Daubechies wavelet

variance that is analogous to (2.6) is

(6.1) vi(m)= > > bjiabirasvi-r,

Lj—d—1Lj—d-1
=0 I'=0

o~
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where b;;, is the rth order cumulative summation of Daubechies wavelet

filter hj, i.e.,
!
bito =hjt biik =Y bjrk—1,
r=0
for i =0,...,L; — k — 1 (see [8]). Moreover, if L > 2d, we obtain the

alternative expression

Lj—d—1Lj—d—1
(62) V%( (T]) = - Z Z b]aladb -7l,5d’yY)l7l, .
=0 =0

We can now proceed to estimate v% (7;) as follows. First we carry out dth
successive differencing of the observed X; to obtain an observed Y;. This will
generate a new gap pattern that has more gaps than the old gap structure,
but the new gap pattern will still be stationary and independent of Y;. We
then mimic the stationary (d = 0) case described as in Section 3 with b;; 4
replacing h;;, the new gap pattern replacing é;, and Y; replacing X; in the
estimators (3.1) and (3.2). As a simple illustration of this scheme, consider
the case d = 2. For t = 2,3, ..., compute Y; = Xy — 2X;_; + X;—2 whenever
04 =01 =08 o9=1.Let ;; =1if 6 = 6;_1 = §_2 = 1 and = 0 otherwise.
Note that the new gap pattern 7, is stationary and independent of Y;. Let

) 1 N1
Py =31 > meamers
Jt=L;-3
where now M; is redefined to be N — L; + 3. Again ﬁl_,ll is a consistent
estimator of p; ), = Pr(n,_; = 1, ;y_p = 1). As before, assume pAl_’l} > 0 for
[,I!=0,...,L; — 3. The new versions of the estimators of V%(Tj) are then
given by

ix(m) =2~ >, > > bjabjrap Y Yeym—im—r,
J t=L;—3 1=0 1I'=0



18

and

-1 Lj—3L;-3

ix(rj) = Z > Z bj2bir2piy (Yt — Yy ) e ym—-

M; t=L;—3 I'=0 I'=
The large sample properties of these estimators are given by obvious analogs

to Theorems 4.2 and 4.3.

THEOREM 6.1. Suppose X; is a process whose d order increments Y; are
a stationary Gaussian process with square integrable SDF, and suppose d; is
a strictly stationary binary process (independent of X;) such that the derived
binary process n; satisfies Assumption 4.1. Then, if L > 2d, ﬁX(Tj) s asymp-
totically normal with mean v%(7;) and large sample variance Sq,, ;(0)/M;.

where Sqy,; is the SDF for 32, 3y bj1.abj v apiy Ye—1Ye—vme—ime—v -

THEOREM 6.2. Suppose X, is a process whose d+1 order increments are
a stationary Gaussian process with square integrable SDF, and suppose & is
a strictly stationary binary process (independent of X;) such that the derived
binary process n; satisfies Assumption 4.1. Then, if L > 2d, 12)X('rj) s asymp-
totically normal with mean v% (1) and large sample variance Sq,, ;(0)/M;.

where Sqyj is the SDF for —3 37 3y bjgabjvapry (Vi1 — Yiv)*neme v

The proofs of Theorems 6.1 and 6.2 are similar to that of, respectively,
Theorems 4.2 and 4.3 and thus are omitted.

REMARK: Since each extra differencing produces more gaps, an estimate
that requires less differencing will be more efficient. This is where the semi-
variogram estimator 9x(7;) comes in handy. Let C; denote the (d — 1)th
backward differences of X;. Then C} is not stationary but its increments

are. Let the semi-variogram of C; be denoted by 7c . Then by virtue of
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(6.2), we can write for L > 2d

Lj—dLj—d

(6.3) vx(m) == > ) bjra-1bjra—17cu-v-
=0 I'—=0

Thus alternatively we can proceed as follows. We carry out d — 1 succes-
sive differences of X; to obtain Cy and then use the semi-variogram esti-
mator with the new gap structure and with the Daubechies filter replaced
by b;;4—1- Unlike the stationary case, this estimator often outperforms the

covariance-type estimator that requires one more order of differencing.

6.2. Systematic gaps. We have focused on geophysical applications which
tend to have gaps that are stochastic in nature. When systematic gaps oc-
cur, e.g., in financial time series when no trading takes place on weekends,
we note that our estimates (3.1) and (3.2) produce valid unbiased estimate
of the true wavelet variance as long as ﬁAlTl,l >0 for ,lI'! =0,...,L; — 1
(for the financial example, this condition on ﬁ holds when the length of the
time series N is sufficiently large); moreover, our large sample theory can be
readily adjusted to handle those gaps. First, we redefine the theoretical 8 by
taking the deterministic limit of B as N tends to infinity. Next we observe
that the processes Z, j; and Z, ;; defined via (4.1) and (4.2) are no longer
stationary under this systematic gap pattern. To see this consider j = 2 and
the Haar wavelet filter for which Ly = 4. Then Z, 5; for a Friday depends
on the observations obtained from Tuesday to Friday while Z, 5 ; for a Mon-
day depends only on values of the time series observed on Monday and the
previous Friday. As a consequence we can not invoke Theorem 4.2 or 4.3
directly. However, because the gaps have a period of a week, we can retrieve

stationarity by summing Z, ;; and Z, ;; over 7 days; i.e., E?nzo Zoy j t+m
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and E?nzo Zy.jt+m are stationary processes. For large M; the summations
of ¢ in estimators (3.1) and (3.2) are essentially sums over these stationary
processes, plus terms that are asymptotically negligible. Thus we can prove
asymptotic normality of (3.1) and (3.2) from the respective asymptotic nor-
mality of the averages of anzo Z jt+m and E?n:o Zy,jt+m- The proofs are
similar to those for Theorems 4.2 and 4.3, with some simplification because
the gaps are deterministic. Alternatively, we can invoke Theorem 1 of [21] to
deduce proofs. Large sample confidence intervals can be constructed using

the multitaper procedure described in Section 4.
7. Examples.

7.1. Analysis of TAO data. We apply our techniques to daily atmo-
spheric pressure data (Figure 4) collected by NOAA’s Tropical Atmospheric
Ocean (TAO) buoy array over a period of 578 days. There were 527 days of
observed values and 51 days during which no observations were made. Shorts
gaps in this time series are mainly due to satellite transmission problems.
Equipment malfunctions that require buoy repairs result in longer gaps. It
is reasonable to assume that the gaps are independent of the pressure values
and are a realization of a stationary process. Of particular interest are con-
tributions to the overall variability due to different dynamical phenomena,
including an annual cycle, interseasonal oscillations and a menagerie of trop-
ical waves and disturbances associated with small time scales. We employ
wavelet variance estimators (3.1) and (3.2) using the Haar wavelet filter.

Estimated wavelet variances for levels 7 = 1,...8 are plotted in Fig-

ure 4 along with the 95% confidence intervals (solid and dotted lines for,
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respectively, 4x (7;) and vx(7;)). We see close agreement between these two
estimation procedures. Note that the wavelet variance is largest at scales
77 and 7g, which correspond to periods of, respectively, 128-256 days and
256-512 days. Large variability at these scales is due to a strong yearly cycle
in the data. Apart from this, we also see a much weaker peak at scale T3,
which corresponds to a period of 32-64 days and captures the interseasonal
variability. Note also that there is hardly any variability at scale 71, although
there is some at scales 7, 73 and 74, indicating relatively important contri-
butions to the variance due to disturbances at all but the very smallest scale.
Finally, we note that we obtained similar results using the Daubechies L = 4

extremal phase and L = 8 least asymmetric wavelet filters.

7.2. Nile river minima. This time series (Figure 5) consists of measure-
ments of minimum yearly water level of the Nile River over the years 622—
1921, with 622-1284 representing the longest segment without gaps [38].
The rate of gaps is about 43% after year 1285. Several authors have pre-
viously analyzed the initial gap free segment (see, e.g., [1] and [31]). The
entire series, including the gappy part, have been analyzed based on a para-
metric state space model [28], in contrast to our nonparametric approach.
Historical records indicate a change around 715 in the way the series was
measured. For the gap free segment, there is more variability at scales 7
and 19 before 715 than after [41]. Therefore we restrict ourselves to the pe-
riod 716-1921. Figure 5 plots wavelet variance estimates up to scale 7g along
with 95% confidence intervals using ¥ x (7;) with the Haar wavelet filter. Here
solid lines stand for the gap free segment 716-1284, and dotted lines for the

gappy segment 1286-1921. Except at scales 7, 76 and 7g, we see reasonably
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good agreement between the estimates from the two segments. Substantial
uncertainties due to the large number of gaps are reflected in the larger
confidence intervals of the wavelet variances for the gappy segment. Under
the assumption that the statistical properties of the Nile River were the
same throughout 716-1921, we could combine the analyses of the two seg-
ments to produce overall estimates and confidence intervals for the wavelet
variances; however, this assumption is questionable at certain scales. Over
the years 12861470, there are only six gaps. Separate analysis of this seg-
ment suggests more variability at scales 71 and 79 than what was observed
in 716-1284. In addition, construction of the first Aswan Dam starting in
1899 changed the nature of the Nile River in the subsequent years. However,
a wavelet variance analysis over 1286-1898 (omitting the years after the
dam was built) does not differ much from that of 1286-1921. This indicates
that the apparent increase in variability at the largest scales of this time
series from segment 716-1284 to 1286-1921 cannot be attributed just to the

influence of the dam.
8. Discussion.

8.1. In Section 3, we made the crucial assumption that Bljl,l > 0 for
[,I!=0,...,L; — 1 for a given level j. For small sample sizes, this condition
might fail to hold. This situation arises mainly when half or more of the
observations are missing and is often accompanied by systematic periodic
patterns in the gaps. For example ﬂAO_, 11 is zero if d; alternates between zero
and one, which indicates that the observed time series does not contain rele-

vant information about v% (71). Such gap patterns with at least 50% missing
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observations require different treatment. Generalized prolate spheroidal se-
quences have been used to handle spectral estimation of irregularly sampled
processes, which in essence corresponds to the construction of special filters
[5]. One solution to the ﬁAlTl,l = 0 problem would be to use this approach to

construct approximations to the Daubechies filters.

8.2.  Given two time series X ; and X5, we can define wavelet cross
covariances that yield a scale-based analysis of the cross covariance between
the two series in a manner similar to a wavelet variance analysis. For esti-
mation of the wavelet cross covariance, see [42] and the references therein.
The methodology described in this paper can be extended to estimate the
wavelet cross covariance for multivariate gappy time series and can be used

to investigate the scale-based relationships among such series.

8.3. Estimation of the SDF for gappy time series is a long-standing
difficult problem. In Section 1 we noted that the wavelet variances provide a
simple and useful estimator of the integral of the SDF over octave bands. In
particular, the Blackman—Tukey ([2], Sec. 18) pilot spectra coincide with the
Haar wavelet variances. Recently Tsakiroglou and Walden [39] extended the
pilot spectra of Blackman and Tukey by utilising the (maximum overlap)
discrete wavelet packet transform. The result is a spectrum estimator that
is competitive with existing estimators of the SDF. In the same vein, our
wavelet variance estimators can be used to derive estimators of the SDF for

gappy time series.
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APPENDIX A: PROOFS

We first need the followings propositions and lemmas. To avoid a triviality,

we assume throughout that var {X;} > 0.

PROPOSITION A.1. Let X; be a real-valued zero mean Gaussian process
with ACVS sxy and with SDF Sx that is square integrable over [—%, %]
Then the bivariate process Uy = [Xt,kXt,k/,Xt,lXt,l/]T, for any choice of

k,k'.1 and l', has a spectral matriz Sy that is continuous.

PrOOF. Using the Isserlis theorem, we have

cov (Xt—cht—k’a Xt—l+TXt—l’+T) = SX k—l+7SX k' —V+7 T SX k—U+7SX k'~ +7-

By the Fourier transform we obtain

. 7 7 1/2 . ! / 7
Suaap(f) = FHIED [ SIEK DS (7)5x(7 = £)f
—1/2

4 ei2m (K =D) /1/2
~1/2

ei27rf'(k+l—k'—l’)SX (fI)SX (f _ fl) df’.

Because exp{i2rf(k' —I')} is a continuous function of f, we can establish

the continuity of the first term above if we can show that

1/2
Appar(f) = /

—-1/2

S KA S (£)Sx (f — f) df’

is a continuous function, from which the continuity of the second term —
and hence of Sy jr;p itself — follows immediately. The Chauchy—Schwarz

inequality says that

|Ag a0 (f +p) — A a0 (F)]

1/2 = ! ! !
= ‘/_ 2T RO g () [Sx(f + o — 1) = Sx(f — £1)] df’

1/2

VAN

vz 1/2 ) 1/2
([0 smar [Disx v -sx-nrar)
~1/2 ~1/2
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By hypothesis f 1/2 2 (f")df' is finite, while
1/2 ! n2 !
[ V85U =) = x(r = 1) s 5 0 as p 0
by Lemma, 1.11, p. 37 of [44]. Hence Ay, ;1 and Sy are continuous. [

PROPOSITION A.2.  Let h;; be any filter of finite width L; with squared
gain function H;. Define Sy 11 as in Proposition A.1 in terms of a squared
integrable Sx . Then we must have

2D hjkhjkrhyihgp Sk (0) > 0.
k,k" LU
PrOOF. Using the definition of Sy 4, it follows that
SN hjkhjphiihge Sk e (0) = 2/ S%(f)af,
kKLY
which is strictly positive because H; is zero only on a set of Lebesgue measure

zero and var X; > 0. O

PROPOSITION A.3. Let X; be a real-valued zero mean Gaussian process

with ACVS sx i and SDF Sx satisfying

/1/2 .4 9
sin” (27 f)Sx (f) df < oo.

—-1/2

Then the bivariate process Uy = [L( X — Xi—pr)?, 2 (Xomt — Xyv) ]T, for

any choice of k,k',l and l', has a spectral matriz Sy that is continuous.
PROOF. The proof is similar to that of Proposition A.1. U

PROPOSITION A.4. Let h;; be as in Proposition A.2. Assume the condi-

tions of Proposition A.3, and let S 11 be the (k,k',1,1") component of Sy



26

in that proposition. Then

D hjkhggrhgihge Sk (0) > 0.
kK Ll

PROOF. The proof is similar to that of Proposition A.2. O

LEMMA A.5. Let Uy and Vi, be stationary processes that are inde-

pendent of each other for any choice of k, k', | and l'. Let

Uit

1/2 o ft
(I +/ 2T quty y (f)
~1/2
1/2 o Ft
Vigr = wiy +/ 2 QY i (f)
“1/2

be their respective spectral representations. For any k,k',l and I, let Sk 1.0
and Gy g denote the respective cross spectrum between Uy and Uy 4
and between Vi 14 and V4. Let ajp be fized real numbers. Define
Q=Y ay (U Viws — Yrpwip).
LY

Then Qy is a second order stationary process whose spectral density function

s given by
(A1) So(f) = DD awwary [Yr iy Grp aw (f) + wipwie Sk (f)
Kk LU
+ S*Grpap(f),
where

1/2
Sx G p(f) = » Gy (f = 1) Sk 0 (f1) df’

PRrOOF. A full proof is straightforward, but tedious. The key steps are to

note that

(A.2) cov{Q:, Qiym} = Z ap e ary €OV {Uk 2 t Vi £, ULy t4m Vi t4m b
kL1
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to use the spectral representations of U;; and V;y ; and the independence

assumption to obtain

cov { Uk k.t Vie k63 Untr 4m Vi t4m t

2,
= / 12 6127Tfm l¢k,k’¢l,l'Gk,k’7l7l/(f) + wk,k/wl,l,Sk,k,,l’l,(f)

1/2
+ —1/2 G o (f = f)Skwap (f) df'| df,

and to plug the above formula into equation (A.2). O

PROPOSITION A.6. Let X; be a real-valued zero mean Gaussian station-
ary process with ACVS sx ., and SDF Sx that is square integrable over
[—%, %] Let 6; be a binary-valued strictly stationary process that is indepen-
dent of X and satisfies Assumption 4.1. Let Z, j; be as in equation (4.1).
Then Z, ;1 is a second order stationary process whose SDF at zero is strictly

positive.

PROOF. Let Uy = X4y Xe v, Uy = [Uppr s Ur )" Viey = 68
and a;;r = hjh;jyB_y. By Proposition A.1, U; has a continuous cross spec-
trum Sy, 4 ; . By Lemma A.5, the SDF S, ;(f) of Z,_j is given by the right-
hand side of equation (A.2), where ¢y = EX,_ Xy p, wip = E&_i6_p =
ﬂl__ll, and Gy, 11 is the cross spectrum between d;_;d;_ and d;_;0;_y. Since
aypwyy = hjihjy, by Proposition A.2

D> apwarpwr pwry Skp e (0) = DD hjkhj kg ihi e Skp i (0) > 0.

ke Ll kg LU
Now >k i 22110 @k b Qe i i Pue G a0 (f) and 3o g 370 1 ke kran v S* G 1 (f)
are nonnegative because Gy, ;p and Sy p; » are entries of spectral density

matrices. Hence S, ;(0) > 0. O
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PROPOSITION A.7. Let X; be a real-valued Gaussian stationary process

with zero mean, and SDF Sx that satisfies

1/2 .4 9
/ sin(r£)S%(f) df < oc.

—-1/2
Let 6; be a binary-valued strictly stationary process that is independent of X
and satisfies Assumption 4.1. Let Z, ;; be as in equation (4.2). Then Z, j;

is a second order stationary process whose SDF at zero is strictly positive.

PROOF. The proof closely parallels that of Proposition A.6. Here we take
Upt = —2(X;—y — X¢—r)? and use Propositions A.3 and A.4 instead of

Propositions A.1 and A.2. O
Next we state the following theorem from [4], p. 21.

THEOREM A.8. Consider a two way array of random variables (RVs)
©;j,7=1,...,J; andi=1,...,n. Consider the n RVs T; = H‘J]’Zl ©;,; for

1 =1,...,n. Then the joint cumulant of T1,..., Y, is given by the formula
cum(Yy,...,Tp) =Y cum(O;; : (4,5) € x1) -+~ cum(Oy; : (4,5) € xr)
X

where the summation is over all indecomposable partitions x = x1 U+ U Xy

of the (not necessarily rectangular) two way table

(1,1) - (1,4)
(A.3)

(n,1) --- (n,Jp)-

Next we need the following lemmas.
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LEMMA A.9. Assume that X; satisfies the conditions stated in Theo-
rem 4.2. Let Upy = Xy 1 X4y and EUpy = 1y, where p = (1,1"). Then for

n > 3 and fixed p1,...,Pn,

(A'4) Z | Cum p1t1 "ppla . pn,tn ¢pn)| = O(Mn/Q),
t1,...

where each t; ranges from 0 to M — 1 (here and below M is shorthand for

M; in the main text).
PROOF. Since a cumulant is invariant under the addition of constants,

Cum( p1t1 T djpl? pn,tn QZJpn) = Cum(Uplytl’ et ’Upnytn)'
Consider the n x 2 table of RVs given by

61,1 = X4ty 6172 = ‘th—l’1

On1=Xt, 1, On2=Xy, 1.
As U, is the product of the two Gaussian RVs in row p of the table, we
invoke Theorem A.8 to break up cum(Up, 4,,-..,Up, +,). Moreover, because
all cumulants of order r > 3 are zero due to Gaussianity, we can restrict
ourselves to indecomposable partitions ¥ = x1 U --- U x, of the two way
table (A.3) with J; = --- = Jp, = 2 so that |xx| = 2 for all k. Let

Sty UM (Upy by, Up,t,) = 20, Ty,m(x) with
Iypm(x) = D, cum(Oy;: (i,5) € x1) - cum(Oy; : (4,5) € xn)-
t1,..0ln
Since n is fixed and the number of indecomposable partitions depends only
on 7, it then suffices to show that Iy ar(x) = o(M™/?) for any fixed x. As x

is an indecomposable partition, without loss of generality (WLOG), we can
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properly order the index of table (A.3) so that xx = {(k,nx), (K + 1,&k+1)}
fork=1,...,n—1and x, = {(n,n,), (1,&1)}, where n; takes values of 1 or
2fork=1,...,nand & =3 —ng. We set, for k=1,...,n,

(

lks1y modn — e H&ht1)modn =M = 1,

) ll(lc—l—l) modn l if §(k+1) modn = 2,Mk =1,
€ =

lk+1) modn =l if€(k41) modn = L,k =2 and

\lbc—i—l) modn l;c if g(k—f—l) modn = Mk = 2.

Then we can write

Cum((")z,j : (Z,j) e Xk) = SX,th,_l—tk—ek

for k=1,...,n—1and cum(0O;; : (1,7) € Xn) = SX,t1—tn—e,- Hence

n—1
(A5) IU,M(X) = Z SX,tlftn*en H 8X,t¢+1*t¢*e7;'
t1yenstn =1

For a fixed K, write Iy,nm(x) = Iy ar(x) + Ity pr(x), where Ip; 5,(x) is the
sum of (A.5) taken over t¢;, 1+ = 1,...,n, such that |t;;1 — t;| < K for
i=1,...,n—1and |t; —t,| < K.Set ¢ =tiy1 —t; fori =1,...,n— 1
Since sx ; is bounded in magnitute by sx o, we obtain
|I['],M(X)| <sx,0 Z Z 1< SX,(]Kn_lM.
lgi|<K,i=1,...,n—1 tn
The rest of the proof runs parallel to that of Lemma 6 of Giraitis and

Surgailis (1985). Thus we show that I7; 5,(x) < e(K)M™? where ¢(K) = 0
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as K — 0o. We repeatedely use the Cauchy—Schwartz inequality to obain

7
IU,M(X)
n—1
= Z 3X,t1*tnfen H SX,tH.l*ti*ei
t1,..00n i=1
n—2
= Z H SXtir1—ti—e Z SXt1—th—enSX tn—th—1—€n—1
t1,eytn—1 =1 tn
n—2 1 1
2 2 2 2
S z H SX7ti+1_ti_ei z SX,tl _tn_en) (Z SX;tn*tnflfenfl)
H oyt i=1 tn tn
n—3 1
_ 2 2
- Z H SX tiy1—ti—e; (z SX,tlftnfen) Z SX,tn_1—th—2—€n_2
eyt =1 tn tno1
3
2
(Z SX,tn—tn_l—en_l)
tn
n—3 1 1
2 2 2 2
< Z H SX,tip1—ti—e; (Z SX,tlftnfen) (Z SX,tn_17tn_276n_2)
t1,..0ln—2 =1 tn th—1
3
2
( Z SXatn*tn—lfen—l)
tn—l;tn

1 n 1
2 2 2 2
< (Z 8X,t1—tn—€n) H( z SX,ti—ti—l_ei—l)

t1,tn 1=2 ti—1,t;

Now use the fact that ¢; ranges from 0 to M — 1 and |t;+1 — t;| > K for
i=1,...,n—1and |t; — t,| > K. Thus for example

Z sg(,ti_ti_l_ei_ , < constant Z ng(ﬁ = constant M Z sg(ﬁ,

ti—1,t; [T[>K ti [T|I>K
where Z|T‘> K sg(ﬁ goes to zero as K — oo because of the square integra-
bility assumption. Hence we have

Iy m(x) < constant M%"< Z 33(,7) = e(K)M 3",
|T|>K

and the required result follows by choosing K = |log(M)]. O
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LEMMA A.10. Assume that X; satisfies the conditions stated in Theo-
rem 4.3. Let Upy = —3(X¢—y — X¢—p)? and EU,y = by, in which p = (1,1').
Then for n > 3 and fized p1,...,Dpn,

Z |cum (Upy 4y — Ypys -« » Uppitn — ¢pn)|:0(Mn/2)a
tl:

where each t; ranges from 0 to M — 1.

PROOF. The proof goes as that of Lemma A.9 with the modification that
Up,+ can be written as the product of X; ; — Xy p and —3(Xy; — Xy ),

where the Gaussian process X;_; — X;_p has a squared integrable SDF. [J

LEMMA A.11. Let Up; be either as in Lemma A.9 or as in Lemma A.10.

Assume

K/n(pla"'apnatla"'atn) :cum( p1,t1 ,()bpl? . pn;tn Qppn)

Define fori=1,2,...,n—1

En(D1y- o sPrstiy ey ti) = Z M_%(”_i_l)kan(pl,...,pn,tl,...,tn),
Lit1yeenrtn

where the summation in t; ranges from 0 to M —1. Then, fori=1,2,...,n,
En(P1y- -y Pnstiy---,t;) 18 bounded and satisfies
(A.6) S Kalprse e sPustiye . ti) = o (MAED).

11,00t

PROOF. We retain all the notation of Lemma A.9. Thus

Km(pla ey Pnstiy . atn) = Z SX,t1—tn—en H SX,tiy1—ti—e;
X =1

Since equation (A.6) follows from (A.4), it suffices to show that for any fixed

X
n—1

(A.7) Z M_%(i_l)sX,tlftnfen H SX tit1—ti—e;

t)\l,...,t)\i i=1
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is bounded for any distinct choice of Ay, ..., A; that belong to {1,...,n} and
1 < M.

Consider 7 = 1. WLOG assume Ay = n. Then

n—1
Z SX,t1—tn—en H SXtip1—ti—e;
tn i=1

n—2 1 1
< H SX tip1—ti—e; (Z ng,tl—tn—en) ’ (Z Sg(,tn—tn_l—en_l) 55
i=1 tn tn
which is bounded because of the square integrability assumption. Thus (A.7)
is bounded.
Now consider 1 = 2. WLOG assume A\; = n. Now we have two cases. In
the first case Adg = 1 or n — 1 so that the pair ¢,,,t), appears together in a

single term involving sx in (A.7). If we assume WLOG Xy = n— 1 we obtain

n—1
—1
Z M ZSX,tlftnfen H 8X,t¢+1*ti*e¢
tnfl;tn =1
n—2 1 1
_1 2 pl ) 2
S Z M * H SX7ti+17tifei (Z Sthl_tn_en) (Z SX;tn_tn—l_en—l)
th—1 =1 tn tn
n—3 1 1
2 2
< H SX tip1—ti—e; (Z SX,tl—tn—en) ( SX,tn,l—tn,2—en,2)
i=1 tn

th—1

1
(M Z SX7tn_tn—1_en—1)

th—1,tn
Clearly the above expression is bounded because 3", s% , is so and therefore
)
: -1 2 — 2 .
Hmasyoo M7 300 b SXtn—ty_1—en_1 = 27 SX,r—e,_, < 00- Thus (A.7) is

bounded. In the second case assume Ag =n — 2. Thus ¢,,, %), appear in two
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distinct terms involving sx in (A.7). Hence

n—1
Z SXt1—tn—en H SX tip1—ti—e;
=1

tn727tn
n—2 1 1
2 2 2 2
S Z H SX,t¢+1*ti*€i (Z SX,tl—tn—en) (Z SX,tn—tn—l_en—l)
tn—2 i=1 tn tn
n—4 1 1
2 2 2 2
< H SX tiv1—ti—e; (Z SX,tl—tn—en) (Z SX,tn—tnfl—enfl)
=1 tn tn

0 (24 :
SXatn—l_tn—2_en—2 SXatn—2_tn—3_en—3

tn—1 tn—2
Clearly this is bounded. Note that we do not need to use the M~2 factor.
Thus boundedness of (A.7) holds.

The pattern for the general proof is now clear. Note that, because x is
an indecomposable partition, there can be at most ¢ — 1 pairs of )\;, namely
(Ajs Aj41) for j = 1,...,i — 1 such that each of (i — 1) pairs (tx,,%x,,,)
appears in distinct ¢ — 1 terms involving sx in the equation (A.7). Thus
summing over ty;, for j = 1,...,i in the left hand side of (A.7) and re-
peated use of Cauchy—Schwartz inequality will give rise to the (i — 1) terms
M1 Zt,\j - SgﬂtAHl—% e, j =1,...,i— 1. Note that all these terms
are bounded and hence boundedness of (A.7) follows. Of course, if there are
less than (7 — 1) such pairs (A, Aj+1), we no longer need to use the factor
M~30=1 (in fact in the exponent we just need half the number of such

pairs). This completes the proof. O

PROOF OF THEOREM 4.2. Take U,; = Xy X;_p, Vit = 04—16;—p and

ap = hjihjpByy, where p = (1,1'). Take Qy = 3o, ap(UptVp — Ppwp) as

in Lemma A.5. Note that 4x(7;) — v%(7;) is the average of @, over L; —
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1 <t < N —1 with Bj_p replaced by its consistent estimate Bl,y. Since
Q; is stationary, we first prove a CLT for R = M~z Zfial @: and then
invoke Slutsky’s theorem to complete the proof that i x (7;) is asymptotically
normal. We use Zurbenko ([43], p. 2) to write the log of the characteristic

function of R as

2, A" Bpn(ti,...,tn)
og P = 3 0 3 i)
n= 1yeensbn

where B, is the nth order cumulant of ();, and each ¢; ranges from 0 to
M — 1. Since @ is centered, Bi(t;) = 0. By Proposition A.6, the autoco-
variances sq ; of (; are absolutely summable and M 3", 3=, Bo(t1,t2) —
Y. 59 = Sq(0) > 0. In order to prove the CLT for R, it suffices to show
that 3, M~"/2By(t1,...,t,) = 0 for n=3,4,....

First using p. 19 of [4], we break up the nth order cumulant as follows:

Bn(tl,...,tn) = Z---Zapl...apn
p1 DPn
Cum(Upl,tl ‘/}Jl;tl - I‘bpl wpl’ Tt Upn,tn %n,tn - ¢pnwpn)'
Let D1yt = (Upt — ¥p) (Vo — wp), Dapt = wp(Upt — p) and D3pp =

Qpp(v}),t — wp). Then Up,tv;,7t — szwp = Dl,p,t + Dg,p,t + D3,p,t- Using P- 19 Of

[4] again, we have

Cum(Upl,tl %lytl - ¢P1 Wpyy---s Upn,tn ‘/;Jn’tn - wpnwpn)
= Z Cum(DCIsplztl’ s aDCn,Pn,tn)a
C1l,.-+9Cn

where each ¢; ranges from 1 to 3. Therefore, it suffices to show that, for fixed
P1y--e,Pp and ci,...,¢n, cum(De, 415w+, Doy pritn) = o(M™?). Since the

cumulant of n RVs is invariant under a reordering of the RVs, assume ¢; =

o =-=cp=Lcpny1 =Cpy2 = = = 2,le_|_1 =Cpi42 = " =
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¢p, = 3, and consider a two way table ©; ; with n rows. Rows i = 1,...,m
each contain exactly two RVs, namely, Up, +, — ¥, and Vj, 1, — wp, (note
that the product of the RVs in row i is Dy p, ). The remaining n — m
rows contain one RV each, namely, U, ;; — p, (which is proportional to
Dop,t;) fori=(m+1),...,m', and V), s, — wp, (proportional to D3, ;) for
i =m'+1,...,n. Theorem 4 says cam(D¢, p; 41, - - -  Den pntn ) 18 Proportional
to >, cum(©;; : (4,5) € x1)---cum(0;; : (4,5) € xr). We complete the
proof by showing that for any fixed

(A.8) Z cum(©; ; : (4,5) € x1) -+ -cum(O;; : (i,5) € xr) = o(M”/2).

t1yenstn

We prove the above in the following steps.

step 1: Since ©; ; is centered, its first order cumulant is zero, so we can
restrict ourselves to cases where |xix| > 2 for all k. If any group of RVs
in ©;; : (4,j) € x is independent of the remaining RVs in that set, then
cum(©;; : (i,5) € xx) = 0. Since the Up, s, — p,’s and V), 1, — wp,’s are
independent, we need only consider xj; containing either just Uy, ;; — 9p,’s
or just Vp, 1, — wp,’s.

step 2: Consider m = 0. In this case each row in ©;; has only one RV,
and thus all of ©; ; together form the only indecomposable partition xy = x1.
Now if m' = 0, then by Assumption 4.1

Z cum(0; ; : (4,7) € x)

t1y.00tn

= Z cum(Vp, ¢, — Wpys oo, Von oty — Wpn) = o(M”/Q).

t1y.nstn
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On the other hand if m’ = n, then by Lemma A.9

Y cum(©;;: (4,5) € x)

t1,..0ln

= Z Cum(Upl,tl — Wpyy s Upyty — wpn) = O(Mn/Q)'
t1,..00n

Finally we rule out the case 1 < m’' < m because then x contains both
Upit; — ¥p;’s and Vp, 4, — wp,’s and hence cum(0;; : (4,5) € x) = 0.

step 3: Finally consider m > 1. Assume that x1, ..., x4 partition {01 1,.. .,
Opy 1} (these are all Uy, 1, —1p,) and that xg41,. .., xr partition {©12,..., 02,
Om/41,15---,0n1} (these are all V), ;; — wp,). To check that (A.8) holds, we
need to consider five cases.

case 1: When m' > m we sum over t,11,...,t, in the left hand side of
(A.8) and use (A.6). In order to keep track of all the individual ¢; for which
(,1) belongs to xx for k = 1,...,q, weset 0 = pg < p1 < -+ < p, = m,
m=o09 <oy <---<o,=m'and assume, for k =1,...,q, xx = {(pr—1 +
1,1),...,(pk, 1), (0k—1 +1,1),...,(0k,1)}. Then, for k =1,...,q, we obtain
by Lemma A.11

> cum(©;; : (i,5) € x)

t"'k—1+1"“’t0k

= Z K;pk-l—O'k—Pk—l_Uk—l(pi’ti . (7” 1) € Xk)
to'k_1+1""’t°'k

1 —o._1—1)1 .
= M>(0k—0k-1-1) Kpg 4o —pr1—p—1 (Dis? (5, 1) € XkrLpp_ 1415+ 110 )-

Now boundedness of &, +o; —pi_ 1~y (Pis (5, 1) € Xksbpp_ 415 - -, tp,) yields

M—3(m'—m=1) z cum(©; ; : (4,7) € x1)---cum(O; 5 : (i,75) € xr)

t1y.e0ln

o Do D cum(O4;: (i) € xgr1) - cum(Oy : (7, 5) € xr) = o( M),

t1yerstm byt 4 15memrtn
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The last equality follows from Assumption 4.1.

case 2: If m' =m and |xx| > 2 for some k in ¢+ 1,...,r, then using the
boundedness of cum(©; ; : (4,7) € xx') for k' =1,...,¢, we obtain

Z cum(©; ; : (4,5) € x1) -+ - cum(O; 5 : (4,5) € xr)

t1,--5tn

< Co Y cum(®y; : (i,5) € Xgp1) -~ cum(©s; : (i, 5) € xr) = o(M"?).

t1 et
In the above Cj is a constant and the last equality follows from Assump-
tion 4.1.
case 3: Consider |xx| =2 for k = ¢+1,...,r and assume m' = m. Clearly
2m > n > m and r — ¢ = n —m. Let (m + ,1) be contained in x44; for
1=1,...,n. We sum over ¢,,41,--.,t, to obtain

Z cum(©;; : (4,7) € x1) ---cum(O; 5 : (4,7) € xr)

t1,..00n

< constant Z cum(©; ; : (4,7) € x1) - cum(O; 5 : (i,75) € xq)

t1y..0tm

cum(©;; : (4,5) € Xg+n—m+1) - cum(O;; : (4,5) € xr)

< constant Z cum(0; ; : (,7) € x1) ---cum(O; 5 : (4,5) € xq) = o(M2™).

t15eeestm
In the above derivation we need the fact that >-, cum(Vy, 1, V), . ) is bounded
and note that the constant is changing from line to line.

case 4: Consider the case n = m. Again if any |xx| > 2 for k =1,...,q,
we are done by using (A.4) along with the fact that cumulants of V,, 1, — wp,
are bounded.

case 5: The last case is n = m and |xx| = 2 for all k. The proof requires
Theorem 4 to write down the left hand side of (A.8) in terms of covariances

of Up, +; and V), ;. and hinges on the fact that ACVS of Up, ;;, and V},, 4, are

absolutely summable.
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O

PROOF. OF THEOREM 4.3. Take Up; = —3(Xey—Xy—1)?, Vpr = 6116,
ap = hjthjpfB_y, where p = (1,1'). Use Lemma 3 in place of Lemma 2 and

complete the proof as in Theorem 4.2 by checking all the steps.
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TABLE 1
Summary of Monte Carlo results for AR(1) process

1 2 3 4 5 6

v¥(15) 0.0500 0.0689 0.1079 0.1585 0.1907 0.1710
mean of Ux,»(7;) 0.0502 0.0690 0.1084 0.1593 0.1911 0.1716
mean of ¥x,(7;) 0.0503 0.0692 0.1085 0.1592 0.1910 0.1715

Mj_ H Sjj (0) 0.0087 0.0057 0.0104 0.0230 0.0347 0.0429

s.d. of 4x »(75) 0.0076  0.0055 0.0101 0.0204 0.0338 0.0431
mean of M; 3 S'u%’j,r(ﬂ) 0.0071  0.0047 0.0086 0.0175 0.0288 0.0340
M; 5 Sv%,j (0) 0.0027 0.0047 0.0102 0.0207 0.0345 0.0428

s.d. of ¥x ,(75) 0.0025 0.0044 0.0099 0.0205 0.0337 0.0428
mean of Mj_ 3 SU%,J-,T(O) 0.0022 0.0039 0.0085 0.0173 0.0285 0.0339

TABLE 2
Summary of Monte Carlo results for FD(%) process

1 2 3 4 5 6
vx (1)) 0.2594 0.3078 0.4427 0.6831 1.0762 1.7050
mean of ¥x,(7;) 0.2599 0.3081 0.4421 0.6832 1.0771 1.7179
Mj_ z Sv%,j (0) 0.0141 0.0203 0.0399 0.0857 0.1899 0.4281
s.d. of 0x,,(75) 0.0129 0.0186 0.0386 0.0847 0.1877 0.4275
mean of M;%Sﬁj’r(o) 0.0119 0.0168 0.0330 0.0704 0.1567 0.3489
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FiG 1. Plot of asymptotic efficiency of ix (73) with respect to ¥x(73) under autoregressive
(left) and fractionally differenced (right) models.
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Fic 3. Plot of a typical simulated gappy FD(%) time series and wavelet variances at
various scales. Solid lines indicate the estimated intervals while dotted lines indicate the
true intervals.
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