
Derivation of elliptical orbits for Newtonian gravitation.   
 
We are interested in a small mass, m, orbiting a big mass M, and we assume M is much 
larger than m, so the C.M.of the system is at the center of the big mass,  which is the 
origin. 
By Newton’s second law the motion of the small mass is given by the gravitational force 
exerted on it by the big mass:  
 

2
ˆdv MmG

m r
dt r

= −
G

     

 
Then using dv dv d

dt d dt
θ

θ
=

G G  we get 
2

ˆdv d MmG
m r

d dt r

θ

θ
= −

G
. 

 
Conservation of angular momentum lets us replace 2 d

mr L
dt

θ
=

 giving 

ˆdv MmG r
d Lθ

= −
G .   The unit vector θ̂  points perpendicular to r̂  in the direction r

G
 moves 

with increasing θ.  By drawing these vectors, you should be able to convince yourself that 
ˆ

ˆ dr
d

θ
θ

= −
 and then we get the equation ˆ ˆ( ) 0dv MmG d d MmGv

d L d d L
θ θ

θ θ θ
= → − =

G G . 
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around the orbit.  This is called “a constant of the motion.”  Because the vectors in that 
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This is the equation for an ellipse with eccentricity Lu/GmM, with a focus at the origin, 



with its major axis on the x-axis.  This orientation resulted from the choice of the 
direction of  u

G
, and the magnitude of u

G
 must be chosen to get the right eccentricity.   

Note that this derivation does not work if L=0 exactly, since we divided by L in various 
places.  For more about ellipses, see http://en.wikipedia.org/wiki/Ellipse.    
 
Note that this derivation required the force to be proportional to 1/r2 which was put into 
the first equation.  If the force had some other r dependence, the orbits would not be 
ellipses with a focus at the center of the large mass. 
 
 


