Chapter 8

CONCLUSIONS AND FUTURE WORK

In this chapter we summarize the work presented in this thesis and list some possible future research directions that are relevant to this work.

8.1 Conclusions

In this work, a wave propagation method in conjunction with a novel constrained transport technique was developed for approximately solving both the ideal and the shallow water magnetohydrodynamic equations. By using constrained transport, we are guaranteed that the divergence of the magnetic field is numerically conserved; and therefore, no unphysical magnetic monopoles are introduced into the numerical solution. This method does not require the solution of an elliptic equation as does the projection method [90], nor does it require solving a set of modified equations as in the 8-wave formulation [71] or the generalized divergence-cleaning method [21].

The constrained transport methods proposed by Balsara and Spicer [7] and Ryu et al. [78] were both found to be inconsistent and the Dai and Woodward [20] approach was found to introduce large unphysical oscillations near shocks. The methods proposed by De Sterck [84] and Londrillo and Del Zanna [63] were found to be incompatible with the wave propagation method.

Therefore, we introduced in this work a new constrained transport method that requires the solution of an advection equation for the magnetic potential. To accurately solve this equation without introducing spurious oscillations in the magnetic field, we introduced a modified composite scheme [61]. This method was shown to be consistent and significantly less oscillatory than the Dai and Woodward [20] approach.

In Chapter 5 the wave propagation method in conjunction with this new constrained transport scheme was tested on several problems in order to to verify its accuracy and robustness. We considered test cases for both the shallow water magnetohydrodynamic and the ideal magnetohydrodynamic equations. For the ideal MHD equations several test cases are available such as those presented in [76, 77, 90]. From these test cases we chose a coordinate aligned shock tube problem as well as some fully two-dimensional problems.

Solving the SMHD equations is a relatively new research area that began with the derivation of the equations in a paper by Gilman [30]. For shallow water magnetohydrodynamics there currently exist only two papers that have dealt with the numerical treatment of the equations. Numerical solutions to the one-dimensional SMHD equations are considered in [83] and a numerical method for the two-dimensional SMHD equations is presented in [84]. In order to demonstrate that our wave propagation method with constrained transport is also applicable to SMHD flows, we considered in Chapter 5 the same test problems that are presented in [83] and [84].

In Chapter 6 we considered the problem of modifying our scheme to generalized coordinates. In particular, we modified the curved manifold wave propagation method developed in Bale [3]. The curved manifold wave propagation method makes use of parallel transport and orthonormalization in order to simplify the solution procedure. Parallel transport turns out to be equivalent to the source term treatment we discussed in Section 2.7.2 and allows us to solve vector conservation laws on curved manifolds without the use of operator splitting techniques. Furthermore, orthonormalization allows us to update the solution by solving orthonormal (Cartesian) Riemann problems instead of the more complicated coordinate Riemann problems. In this same chapter we also extended the new constrained transport method to generalized coordinates.

Finally, in Chapter 7 we applied the curved manifold extension of the wave propagation method to flow on the surface of a sphere. We made use of a cubed sphere grid in order to avoid the grid singularities at the North and South Poles. On this grid we solved the linear advection equation, the shallow water equations, and the shallow water magnetohydrodynamic equations. For each system we considered test problems that demonstrated the validity of the numerical method.

8.2 Future work

In this work we have laid the groundwork for an accurate and robust numerical method for solving the equations of magnetohydrodynamics. In order to use this method to solve interesting physical problems several improvements and generalizations must be considered. Below we list three areas in which we would like to improve the proposed method.

8.2.1 Numerical analysis: improving the constrained transport scheme

The wave propagation method with constrained transport as it currently stands is only formally first order accurate. This is due to the fact that we make use of a composite scheme strategy that requires us to use Godunov’s method during 30% of the time step when updating the magnetic potential advection equation (see Chapter 5). This situation could be remedied if a better wave limiter were developed that would guarantee a TVD property on the magnetic field and make the method fully second order method in smooth flow regimes.

8.2.2 Computer science: adaptive mesh refinement and parallelization

Recently, a new parallel adaptive mesh refinement version of the clawpack software called bearclaw was developed [66]. This software has been shown to work very well on several test problems. In order to apply the constrained transport method to this framework, an accurate and conservative grid refinement strategy must be developed to handle the staggered grids present in constrained transport. An adaptive and parallel version of the constrained transport method is crucial for accurately solving two-dimensional and threedimensional flows.

8.2.3 Applications: astrophysical flows

In addition to the numerical and algorithmic improvements mentioned above, we would also like to apply our method to problems relevant to astrophysical fluid dynamics. In particular, it would be interesting to apply the numerical method we developed for solving the SMHD equations on the sphere to the problem of simulating the solar tachocline. Such simulations could be compared to observations in order to determine how accurately the SMHD equations approximate real tachocline dynamics. Furthermore, it may be possible use such information to gain new insights into the formation of sunspots [30].

Other astrophysical problems for which an accurate numerical MHD solver is important include the formation of stars [15] and the prediction of space weather [16]. Application to these problems would require the generalization of the wave propagation method to function with more complicated physics taken into account. For example, one could consider the following generalizations:

• Special and general relativistic effects;

• More complicated thermodynamics;

• Multi-fluid magnetohydrodynamics.

BIBLIOGRAPHY

[1] C. Anitei and R.E. Breidenthal. Accelerating, self-similar turbulence. Technical report, Department of Aeronautics and Astronautics, University of Washington, 2002.

[2] D.S. Bale. clawman software. available from

http://www.amath.washington.edu/∼dbale/downloads/downloads.htm.

[3] D.S. Bale. Wave propagation algorithms on curved manifolds with applications to relativistic hydrodynamics. PhD thesis, University of Washington, Seattle, Washington, 2002.

[4] D.S. Bale and R.J. LeVeque. Wave propagation algorithms for hyperbolic systems on curved manifolds. In H. Freistühler and G. Warnecke, editors, International series of numerical mathematics, volume 140, pages 129–138, 2001.

[5] D.S. Bale, R.J. LeVeque, S. Mitran, and J.A. Rossmanith. A wave propagation method for conservation laws and balance laws with spatially varying flux functions. to appear in SIAM J. Sci. Comp., 2002.

[6] D.S. Bale, R.J. LeVeque, and J.A. Rossmanith. A wave propagation algorithm for hypberbolic systems on curved manifolds. manuscript in preparation, 2001.

[7] D.S. Balsara and D. Spicer. A staggered mesh algorithm using high order Godunov fluxes to ensure solenoidal magnetic fields in magnetohydrodynamic simulations. J. Comp. Phys., 149(2):270–292, 1999.

[8] J.M. Bardeen and L.T. Buchman. Numerical tests of evolution systems, gauge conditions, and boundary conditions for 1d colliding gravitational plane waves. Phys. Rev. D, 65, 2002.

[9] E. Battaner. Astrophysical fluid dynamics. Cambridge University Press, 1996.

[10] M.J. Berger and R.J. LeVeque. Adaptive mesh refinement using wave propagation algorithms for hyperbolic systems. SIAM J. Numer. Anal., 35:2298–2316, 1998.

[11] W. Bourke. An efficient, one-level, primitive-equation spectral model. Monthly Weather Review, 100:683–698, 1972.

[12] J.U. Brackbill and D.C. Barnes. The effect of nonzero ∇ · B on the numerical solution of the magnetohydrodynamic equations. J. Comp. Phys., 35:426–430, 1980.

[13] M. Brio and C.C. Wu. An upwind differencing scheme for the equations of ideal magnetohydrodynamics. J. Comp. Phys., 75:400–422, 1988.

[14] P. Cargo and G. Callice. Roe matrices for ideal MHD and systematic construction of Roe matrices for systems of conservation laws. J. Comp. Phys., 136:446–466, 1997.

[15] S.E. Caunt and M.J. Korpi. A 3D MHD model of astrophysical flows: algorithms, tests and parallelisation. Astron. Astrophys., 369:706–728, 2001.

[16] C.R. Clauer, T.I. Gombosi, D.L. De Zeeuw, A.J. Ridley, K.G. Powell, B. van Leer, Q.F.

Stout, C.P.T. Groth, and T.E. Holzer. High performance computer methods applied to predictive space weather simulations. IEEE Transactions on Plasma Science, 28:1931– 1937, 2000.

[17] J. Coté. A lagrange multiplier approach for the metric terms of semi-langrangian models on the sphere. Q.J.R. Meteorol. Soc., 114:1347–1352, 1988.

[18] J. Coté and A. Staniforth. An accurate and efficient finite-element global model of the shallow-water primitive equations. Monthly Weather Review, 118:2707–2717, 1990.

[19] B. Cushman-Roisin. Introduction to geophysical fluid dynamics. Prentice Hall, 1994.

[20] W. Dai and P.R. Woodward. A simple finite difference scheme for multidimensional magnetohydrodynamic equations. J. Comp. Phys., 142(2):331–369, 1998.

[21] A. Dedner, F. Kemm, D. Kröner, C.-D. Munz, T. Schnitzer, and M. Wesenberg. Hyperbolic divergence cleaning for the MHD equations. Albert-Ludwigs-Universität Freiburg, Preprint Nr. 13/2001, 2001.

[22] C. Evans and J.F. Hawley. Simulation of magnetohydrodynamic flow: a constrained transport method. Astrophys. J., 332:659, 1988.

[23] T. Fogarty. Finite volume methods for acoustics and elasto-plasticity with damage in a heterogeneous medium. PhD thesis, University of Washington, Seattle, Washington, 2002.

[24] T.R. Fogarty. High-resolution finite volume methods for acoustics in a rapidly-varying heterogeneous medium. Master’s thesis, University of Washington, Seattle, Washington, 1997.

[25] T.R. Fogarty and R.J. LeVeque. High-resolution finite volume methods for acoustics in periodic and random media. Journal of the Acoustical Society of America, 106(1):1–12, July 1999.

[26] A. Frank, T. Lery, T.A. Gardiner, T.W. Jones, and D. Ryu. The propagation of magnetocentrifugally launched jets i. Astrophys. J., 540:342–361, 2000.

[27] T.A. Gardiner, , A. Frank, T.W. Jones, and D. Ryu. Influence of magnetic fields on pulsed, radiative jets. Astrophys. J., 530:834–850, 1999.

[28] A.E. Gill. Atmosphere-Ocean dynamics. Academic Press, 1982.

[29] P.A. Gilman. Fluid dynamics and MHD of the solar convection zone and tachocline:

current understanding and unsolved problems. Solar Physics, 192:27–48, 1999.

[30] P.A. Gilman. Magnetohydrodynamic ”shallow water” equations for the solar tachocline.

Astrophys. J., 544:L79–L82, 2000.

[31] F.X. Giraldo. Lagrange-galerkin methods on spherical geodesic grids: the shallow water equations. J. Comp. Phys., 160:336–368, 2000.

[32] F.X. Giraldo. A spectral element shallow water model spherical geodesic grids. submitted to the International Journal for Numerical Methods in Fluids, 2000.

[33] F.X. Giraldo, J.S. Hesthaven, and T. Warburton. Nodal high-order discontinuous Galerkin methods for the spherical shallow water equations. submitted to J. Comp. Phys., 2001.

[34] E. Godlewski and P.A. Raviart. Numerical approximation of hyperbolic systems of conservation laws. Springer-Verlag, New York, 1996.

[35] A. Harten. High resolution schemes for hyperbolic conservation laws. J. Comp. Phys., 49:357–393, 1983.

[36] R. Heikes and D.A. Randall. Numerical integration integration of the shallow water equations on a twisted icosahedral grid. Part I: Basic design and results of tests. Monthly Weather Review, 123:1862–1880, 1995.

[37] R. Heikes and D.A. Randall. Numerical integration integration of the shallow water equations on a twisted icosahedral grid. Part II: A detailed description of the grid and an analysis of numerical accuracy. Monthly Weather Review, 123:1881–1887, 1995.

[38] J.H. Heinbockel. Introduction to tensor calculus and continuum mechanics. Trafford Publishing, 1996.

[39] C. Helzel. Numerical approximation of conservation laws with stiff source terms for the modelling of detonation waves. PhD thesis, Otto-von-Guericke-Universität Magdeburg, Magdeburg,Germany, 2000.

[40] C. Helzel, R.J. LeVeque, and G. Warnecke. A modified fractional step method for the accurate approximation of detonation waves. SIAM J. Sci. Comput., 22:1489–1510, 2000.

[41] J.D. Jackson. Classical Electrodynamics. Wiley, 3rd edition, 1999.

[42] A. Jeffrey and T. Taniuti. Non-linear wave propagation. Academic Press, New York, 1964.

[43] P. Jenny and B. Müller. Rankine-Hugoniot-Riemann solver considering source terms and multidimensional effects. J. Comp. Phys., 145:575–610, 1998.

[44] D. Kössl and E. Müller. Numerical simulations of astrophysical jets: the influence of boundary conditions and grid resolution. Astron. Astrophys., 206:204–218, 1988.

[45] J. Kevorkian. Partial Differential Equations: Analytic Solution Techniques. Springer- Verlag, New York, second edition, 2000.

[46] J.O. Langseth and R.J. LeVeque. A wave propagation method for three-dimensional hyperbolic conservation laws. J. Comp. Phys., 165:126–166, 2000.

[47] D. Lanser, J.G. Blom, and J.G. Verwer. Spatial discretization of the shallow water equations in spherical geometry using Osher’s scheme. J. Comp. Phys., 165:542–565, 2000.

[48] L. Lee. An immersed interface method for incompressible Navier-Stokes equations. PhD thesis, University of Washington, Seattle, Washington, 2002.

[49] R.J. LeVeque. clawpack software. available from

http://www.amath.washington.edu/∼claw.

[50] R.J. LeVeque. High-resolution conservative algorithms for advection in incompressible flow. SIAM J. Numer. Anal., 33:627–665, 1996.

[51] R.J. LeVeque. Wave propagation algorithms for multi-dimensional hyperbolic systems.

J. Comp. Phys., 131:327–335, 1997.

[52] R.J. LeVeque. Balancing source terms and flux gradients in high-resolution godunov methods: the quasi-steady wave-propagation algorithm. J. Comp. Phys., 146:346–365, 1998.

[53] R.J. LeVeque. Finite volume methods for conservation laws and hyperbolic systems.

Cambridge University Press, 2001.

[54] R.J. LeVeque. Finite volume methods for nonlinear elasticity in heterogeneous media.

In Proceedings of the ICFD conference on numerical methods for fluid dynamics, 2001.

[55] R.J. LeVeque and D.S. Bale. Wave propagation methods for conservation laws with source terms. In International series of numerical mathematics, volume 130, pages 609–618, 1999.

[56] R.J. LeVeque and M.J. Berger. amrclaw software. available from

http://www.amath.washington.edu/∼rjl/amrclaw.

[57] R.J. LeVeque and S. Mitran. Wave-propagation methods and software for complex applications. In R. Herbin, editor, Proc. Third International Symposium on Finite Volumes for Complex Applications, Porquerolles, France, to appear.

[58] R.J. LeVeque and M. Pelanti. A class of approximate Riemann solvers and their relation to relaxation schemes. J. Comp. Phys., 172:572–591, 2001.

[59] R.J. LeVeque and J.A. Rossmanith. A wave propagation algorithm for the solution of PDEs on the surface of a sphere. In H. Freistühler and G. Warnecke, editors, International series of numerical mathematics, volume 141, pages 643–652, 2001.

[60] K.R. Lind, D.G. Payne, D.L. Meier, and R.G. Blandford. Numerical simulations of magnetized jets. Astrophys. J., 344:89–103, 1989.

[61] R. Liska and B. Wendroff. Composite schemes for conservation laws. SIAM J. Numer.

Anal., 35:2250–2271, 1998.

[62] R. Liska and B. Wendroff. Shallow water conservation laws on a sphere. In H. Freistühler and G. Warnecke, editors, International series of numerical mathematics, volume 141, pages 673–682, 2001.

[63] P. Londrillo and L. Del Zanna. High-order upwind schemes for multidimensional magnetohydrodynamics. Astrophys. J., 530:508–524, 2000.

[64] J. McGregor. Semi-lagrangian advection on conformal cubic grids. Monthly Weather Review, 124:1311–1322, 1996.

[65] C.W. Misner, K.S. Thorne, and J.A. Wheeler. Gravitation. W.H. Freeman, San Fransisco, 1973.

[66] S. Mitran. bearclaw software. available from

http://www.amath.washington.edu/∼mitran/software.html.

[67] G.K. Parks. Physics of Space Plasmas: An Introduction. Addison-Wesley, 1991.

[68] J. Pedlosky. Geophysical fluid dynamics. Springer, second edition, 1987.

[69] N.A. Phillips. A map projection system suitable for large-scale numerical weather prediction. J. Meteor. Soc. Jpn., 75th anniversary volume:262–267, 1957.

[70] J.A. Pons, J.A. Font, J.M. Ibáñez, J.M. Marti, and J.A. Miralles. General relativistic hydrodynamics with special relativistic Riemann solvers. Astronomy and Astrophysics, 339:638–642, 1998.

[71] K.G. Powell. An approximate Riemann solver for magnetohydrodynamics (that works in more than one dimension). Technical Report 94-24, ICASE, Langley, VA, 1994.

[72] R.J. Purser and M. Rancic. Smooth quasi-homogeneous gridding of the sphere. J.

Comp. Phys., 124:637–647, 1998.

[73] M. Rancic, R.J. Purser, and F. Messinger. A global shallow-water model using an expanded spherical cube: Gnonomic versus conformal coordinates. Q.J.R. Meteorol. Soc., 122:959–982, 1996.

[74] P.L. Roe. Approximate Riemann solvers, parameter vectors, and difference schemes.

J. Comp. Phys., 43:357–372, 1981.

[75] C. Ronchi, R. Iacono, and P.S. Paolucci. The ’cubed sphere’: a new method for the solution of partial differential equations in spherical geometry. J. Comp. Phys., 124:93– 114, 1996.

[76] D.S. Ryu and T.W. Jones. Numerical magnetohydrodynamics in astrophysics: algorithm and tests for one-dimensional flow. Astrophys. J., 442:228–258, 1995.

[77] D.S. Ryu, T.W. Jones, and A. Frank. Numerical magnetohydrodynamics in astrophysics: algorithm and tests for multidimensional flow. Astrophys. J., 452:785, 1995.

[78] D.S. Ryu, F. Miniati, T.W. Jones, and A. Frank. A divergence-free upwind code for multidimensional magnetohydrodynamic flows. Astrophys. J., 509(1):244–255, 1998.

[79] R. Sadourny. Conservative finite-difference approximations of the primitive equations on quasi-uniform spherical grids. Monthly Weather Review, 100:211–224, 1972.

[80] W.F. Spotz and P.N. Swarztrauber. A performance comparison of associated legendre projections. J. Comp. Phys., 168:339–355, 2001.

[81] W.F. Spotz, M.A. Taylor, and P.N. Swarztrauber. Fast shallow-water equation solvers in latitude-longitude coordinates. J. Comp. Phys., 145:432–444, 1998.

[82] H. De Sterck. Numerical simulation and analysis of magnetically dominated MHD bow shock flows with applications in space physics. PhD thesis, Katholieke Universiteit Leuven, Belgium, and National Center for Atmospheric Research, Boulder, Colorado, 1999.

[83] H. De Sterck. Hyperbolic theory of the “shallow water” magnetohydrodynamics equations. Physics of Plasmas, 8(7):3293–3304, 2001.

[84] H. De Sterck. Multi-dimensional upwind constrained transport on unstructured grids for ”shallow water” magnetohydrodynamics. In AIAA 2001-2623, June 2001.

[85] G. Strang. On the construction and comparison of difference schemes. SIAM J. Num.

Anal., pages 506–517, 1968.

[86] P.N. Swarztrauber. Spectral transform methods for solving the shallow water equations on the sphere. Monthly Weather Review, 124:730–744, 1996.

[87] P.N. Swarztrauber and W.F. Spotz. Generalized discrete spherical harmonic transforms. J. Comp. Phys., 159:213–230, 2000.

[88] P.N. Swarztrauber, D.L. Williamson, and J.B. Drake. The Cartesian grid method for solving partial differential equations in spherical geometry. Dyn. Atmos. Oceans, 27:679–706, 1997.

[89] P.K. Sweby. High resolution schemes using flux limiters for hyperbolic conservation laws. SIAM J. Num. Anal., 21:995–1011, 1984.

[90] G. Tóth. The ∇ · B = 0 constraint in shock-capturing magnetohydrodynamics codes.

J. Comp. Phys., 161:605–652, 2000.

[91] G. Tóth and D. Odstrčil. Comparison of some flux corrected transport and total variation diminishing numerical schemes for hydrodynamic and magnetohydrodynamic problems. J. Comp. Phys., 128:82–100, 1996.

[92] J. Thuburn. A PV-based shallow-water model on a hexagonal-icosahedral grid. Monthly Weather Review, 125:2328 – 2347, 1997.

[93] D.L. Williamson, J.B. Drake, J.J. Hack, R. Jakob, and P.N. Swartztrauber. A standard test set for numerical approximations to the shallow water equations in spherical geometry. J. Comp. Phys., 102:211–224, 1994.

[94] A.L. Zachary, A. Malgoli, and P. Collela. A higher-order Godunov method for multidimensional ideal magnetohydrodynamics. SIAM J. Sci. Comp., 15:263–284, 1994.

VITA

Name: James Alexander Rossmanith Date of Birth: May 1^{st}, 1978 Place of Birth: Oxford, England Parents: Dr. Robert Rossmanith and Jillian (Newman) Rossmanith

Education

Ph.D., Applied Mathematics, Summer 2002 University of Washington, Seattle, WA, USA

M.S., Applied Mathematics, Winter 2000 University of Washington, Seattle, WA, USA

B.S., Mathematics with Honors, Fall 1997 Christopher Newport University, Newport News, VA, USA Minor: Physics