The Immersed Interface Method – A Numerical Approach for Partial Differential Equations with Interfaces by Zhilin Li

A dissertation submitted in partial fulfillment of the requirements for the degree of

Doctor of Philosophy

University of Washington

1994

Approved by (Chairperson of Supervisory Committee)

Program Authorized to Offer Degree

Date

* In presenting this dissertation in partial fulfillment of the requirements for the Doctoral degree at the University of Washington, I agree that the Library shall make its copies freely available for inspection. I further agree that extensive copying of this dissertation is allowable only for scholarly purposes, consistent with “fair use” as prescribed in the U.S. Copyright Law. Requests for copying or reproduction of this dissertation may be referred to University Microfilms, 1490 Eisenhower Place, P. O. Box 975, Ann Arbor, Michigan 48106, to whom the author has granted “the right to reproduce and sell (a) copies of the manuscript in microform and/or (b) printed copies of the manuscript made from microform.”

Signature

Date

© Copyright by Zhilin Li 1994

University of Washington

Abstract

The Immersed Interface Method – A Numerical Approach for Partial Differential Equations with Interfaces

by Zhilin Li

Chairperson of Supervisory Committee: Professor Randall J. LeVeque Department of Applied Mathematics

This thesis describes the Immersed Interface Method (IIM) for interface problems, in which the partial differential equations have discontinuities and singularities in the coefficients and the solutions. A typical example of such problems is heat conduction in different materials (discontinuous heat conductivity), or fluid interface problems where the surface tension gives a singular force that is supported only on the interface. The complexity of the interfaces makes it more difficult to develop efficient numerical methods.

Our immersed interface method is motivated by and related to Peskin’s immersed boundary method (IBM) for solving incompressible Navier-Stokes equations with complicated boundaries. Our method, however, can apply to more general interface problems and usually attains second order accuracy.

We use uniform Cartesian grids so that we can take advantages of many conventional difference schemes for the regular grid points which are away from the interface. Hence attention is focused on developing difference schemes for the irregular grid points near the interface, which can cut through the grid in an arbitrary manner. Assuming a knowledge of jump conditions on the solution across the interface, which usually can be obtained either from the differential equation itself or by physical reasoning, we carefully choose the stencil and the coefficients of the difference scheme. By using local coordinate transformations and a modified undetermined coefficients method, we force the local truncation error to be O(h^2) at regular grid points and O(h) at irregular ones. For many interface problems, this leads to a second order accurate solution globally even if the solution is discontinuous. Cubic splines are used to represent and update the complicated interfaces.

We have implemented the immersed interface method for a number of interface problems including: general elliptic equations in one, two and three dimensions, alternating direction implicit methods for heat equations with singular sources or dipoles, the Stokes equations with a moving interface, and Stefan-like 1D moving interface problems in which the interface is determined by a nonlinear differential equation. Theoretical analysis and numerical examples are presented to show the efficiency of the immersed interface method. We believe that this methodology can be successfully applied to many other interface problems as well.

TABLE OF CONTENTS

List of Figures iii

List of Tables v

Chapter 1 Introduction. 1 1.1 A model problem. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Overview of the interface problems considered in this thesis. . . . . . . . . . 2 1.3 Our strategy and other approaches. . . . . . . . . . . . . . . . . . . . . . . . 5 1.3.1 The skeleton of the immersed interface method. . . . . . . . . . . . . 5 1.3.2 Why uniform Cartesian grid? . . . . . . . . . . . . . . . . . . . . . . 5 1.3.3 Peskin’s immersed boundary method. . . . . . . . . . . . . . . . . . 6 1.3.4 Harmonic averaging. . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 1.3.5 Other approaches. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 1.4 Mathematical aspects of the interface problems. . . . . . . . . . . . . . . . . 9 1.4.1 Interface conditions. . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 1.4.2 The classification of interface problems. . . . . . . . . . . . . . . . . 10 1.4.3 Numerical difficulties. . . . . . . . . . . . . . . . . . . . . . . . . . . 10 1.4.4 Interface expressions. . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 1.5 Other applications. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 Chapter 2 The Immersed Interface Method for Elliptic Equations with Discontinuous Coefficients and Singular Sources 14 2.1 One-dimensional problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 2.2 A simple two-dimensional problem . . . . . . . . . . . . . . . . . . . . . . . 20 2.3 The general two-dimensional problem . . . . . . . . . . . . . . . . . . . . . 28 2.4 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 2.5 Some implementation details and a Fortran package for two-dimensional problems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 2.6 General three-dimensional problems . . . . . . . . . . . . . . . . . . . . . . 40 2.6.1 Interface relations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 2.6.2 Difference scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 Chapter 3 Immersed Interface Method for Heat Equations with Fixed Interface(s) 48 3.1 General 1D heat equations with fixed interface(s). . . . . . . . . . . . . . . 48 3.2 ADI methods for heat equations with discontinuities along an arbitrary in- terface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 3.2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 3.2.2 The notations and difference scheme . . . . . . . . . . . . . . . . . . 52 3.2.3 Splitting the correction terms. . . . . . . . . . . . . . . . . . . . . . 52

3.2.4 Local truncation error analysis . . . . . . . . . . . . . . . . . . . . . 55 3.2.5 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 Chapter 4 Solving Stokes Flow with Moving Interface in 2D 61 4.1 The governing equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 4.2 The derivation of the jump conditions . . . . . . . . . . . . . . . . . . . . . 63 4.3 Computational frame and jump calculations . . . . . . . . . . . . . . . . . . 67 4.4 The direct Stokes solver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 4.4.1 Discrete Stokes equations . . . . . . . . . . . . . . . . . . . . . . . . 69 4.4.2 Fast Fourier transform . . . . . . . . . . . . . . . . . . . . . . . . . . 71 4.4.3 Analysis of the approach . . . . . . . . . . . . . . . . . . . . . . . . . 72 4.5 Three-Poisson problem approach . . . . . . . . . . . . . . . . . . . . . . . . 73 4.6 Moving the interface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 4.7 The Implicit method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77 4.7.1 A second order-implicit method using rank-2 updating . . . . . . . . 79 4.8 Some typical numerical examples for Stokes flow . . . . . . . . . . . . . . . 80

Chapter 5 Immersed Interface Methods for 1D Heat Equations with Moving Interfaces 90 5.1 The model problem and the outline of the numerical scheme. . . . . . . . . 91 5.2 Grid crossing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92 5.3 The source strength c(t) = [u_x] is known. . . . . . . . . . . . . . . . . . . . 94 5.4 The solution on the interface u (α, t) = r(t) is known. . . . . . . . . . . . . . 95 5.5 The mixed interface condition is known. . . . . . . . . . . . . . . . . . . . . 97 5.6 Solving the nonlinear system: a predictor–Corrector method . . . . . . . . . 100 5.7 Numerical examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101 Chapter 6 Thesis Contribution and Future Research Plan 108 6.1 Thesis contribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108 6.1.1 The Immersed interface method. . . . . . . . . . . . . . . . . . . . . 108 6.1.2 The application of the immersed interface method . . . . . . . . . . 108 6.2 Future research plan . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109 6.2.1 Theoretical analysis for the immersed interface method . . . . . . . 109 6.2.2 Application of the immersed interface method . . . . . . . . . . . . . 110

Bibliography 112

Appendix A Prologue of the Package DIIM–A Fortran Package for Solving Elliptic Interface Problems 116

Appendix B Prologue of the Package PPACK – A Fortran Package for Solving the Poisson Equations on Irregular Regions