Wave Propagation Algorithms On Curved Manifolds With Applications To Relativistic Hydrodynamics

Derek S. Bale

A dissertation submitted in partial fulfillment of the requirements for the degree of

Doctor of Philosophy

University of Washington

2002

Program Authorized to Offer Degree: Department of Applied Mathematics

University of Washington Graduate School

This is to certify that I have examined this copy of a doctoral dissertation by

Derek S. Bale

and have found that it is complete and satisfactory in all respects, and that any and all revisions required by the final examining committee have been made.

Chair of Supervisory Committee:

Randall J. LeVeque

Reading Committee:

James Bardeen

Jirair Kevorkian

Peter Schmid

Date:

In presenting this dissertation in partial fulfillment of the requirements for the Doctoral degree at the University of Washington, I agree that the Library shall make its copies freely available for inspection. I further agree that extensive copying of this dissertation is allowable only for scholarly purposes, consistent with “fair use” as prescribed in the U.S. Copyright Law. Requests for copying or reproduction of this dissertation may be referred to Bell and Howell Information and Learning, 300 North Zeeb Road, Ann Arbor, MI 48106-1346, to whom the author has granted “the right to reproduce and sell (a) copies of the manuscript in microform and/or (b) printed copies of the manuscript made from microform.”

Signature

Date

University of Washington

Abstract

Wave Propagation Algorithms On Curved Manifolds With Applications To Relativistic Hydrodynamics

by Derek S. Bale

Chair of Supervisory Committee:

Professor Randall J. LeVeque Applied Mathematics

Many interesting physical systems are successfully modeled with time-dependent hyperbolic conservation laws on smooth manifolds. Examples of such systems include classical hydrodynamic flows in non-trivial geometry that are important in aerodynamic modeling, or the structure of shallow water flow on the surface of the earth important in climate modeling and oceanography. Another example arises in the study of relativistic flow of matter in the presence of compact objects like neutron stars and black holes. Astronomers wish to study this in order to to understand the high-energy radiation emitted from violent relativistic events such as the formation of bi-polar jets in active galactic nuclei, the collapse of very massive stars, and γ-ray bursts.

In this dissertation, we present a new high-resolution finite volume algorithm, an extension of the wave propagation method of LeVeque, to solve hyperbolic systems of conservation laws on general manifolds, M . The representation of such equations on M introduces geometric terms due to the fact that the underlying basis will, in general, be spatially varying. For scalar components of the conservation laws, these geometric terms appear only in the flux function so that an autonomous flux function gains an explicit dependence on spatial variables through metric functions on M . We develop a general approach to handle such spatially varying flux functions in the context of wave propagation.

In addition to spatially varying flux functions, vector components of the conservation laws will have geometrically induced source terms. The algorithm presented in this thesis avoids numerical complications that can arise from such source terms by treating the divergence operator in a local way. Cell averages are updated by solving modified Riemann problems. The modifications to Riemann data take care of source terms locally, thereby avoiding the need for an operator split approach for the sources.

The new algorithm has been implemented in the software package clawman, a freely available set of Fortran 90 routines. The implementation is general and can be used for different systems of conservation laws on a variety of manifolds. We demonstrate that the method works well on both flat and curved manifolds by presenting examples of the algorithm and its implementation for both classical and relativistic conservation laws on various manifolds.

TABLE OF CONTENTS

List of Figures iv

List of Tables ix

Chapter 1: Introduction 1 1.1 A class of modified wave propagation algorithms for conservation laws on curved manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 1.1.1 clawman software package . . . . . . . . . . . . . . . . . . . . . . . . 4 1.2 Numerical relativistic astrophysics . . . . . . . . . . . . . . . . . . . . . . . . 4 1.2.1 Numerical study of relativistic problems . . . . . . . . . . . . . . . . . 5 Test fluid approximation . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.2.2 Vacuum Spacetimes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 1.2.3 The full problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 1.3 Outline of this thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

Chapter 2: Finite Volume Methods and The Wave Propagation Algorithm 9 2.1 Finite volume methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.2 The Riemann problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 2.2.1 Linear systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 2.2.2 Nonlinear systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 Shock waves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 Rarefaction waves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 2.3 Standard wave propagation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 2.3.1 One dimensional algorithm . . . . . . . . . . . . . . . . . . . . . . . . 16 Type I terms: upwind . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 Conservation of type I terms . . . . . . . . . . . . . . . . . . . . . . . 18 Type II(a) terms: high resolution corrections . . . . . . . . . . . . . . 20 2.3.2 Multidimensional algorithm . . . . . . . . . . . . . . . . . . . . . . . . 21 Type II(b) terms: Transverse propagation . . . . . . . . . . . . . . . . 22

Chapter 3: Conservation Laws with Spatially Varying Flux Functions 23 3.1 The f-wave decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 3.2 The generalized Riemann problem . . . . . . . . . . . . . . . . . . . . . . . . 25 3.3 Wave propagation algorithms using the f-waves . . . . . . . . . . . . . . . . . 27 3.4 A modified Burgers’ Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 3.5 Flow of an inviscid gas in a duct with varying cross-sectional area . . . . . . . 31

3.6 Extension to higher dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . 35

Chapter 4: Conservation Laws with Source Terms 38 4.1 Multi-step Quasi-Steady Wave Propagation . . . . . . . . . . . . . . . . . . . 39 4.1.1 High resolution corrections and clawpackimplementation . . . . . . . 42 4.1.2 An implementation for the Euler equations . . . . . . . . . . . . . . . 43 4.2 A method based on modified flux differences . . . . . . . . . . . . . . . . . . . 46 4.2.1 Accuracy of the modified flux method . . . . . . . . . . . . . . . . . . 48 4.3 An isothermal equilibrium . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 4.4 Perturbing the steady state . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

Chapter 5: Conservation Laws on Manifolds 53 5.1 Manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 5.2 Tangent Vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 5.2.1 Coordinate transformations . . . . . . . . . . . . . . . . . . . . . . . . 60 5.3 Cotangent vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 5.3.1 Coordinate transformations . . . . . . . . . . . . . . . . . . . . . . . . 62 5.4 Tensors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 5.5 The Metric Tensor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 5.6 Derivatives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66 5.7 Parallel Transport . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 5.8 Conservation Laws . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 5.8.1 Scalar conservation laws . . . . . . . . . . . . . . . . . . . . . . . . . . 70 5.8.2 Vector conservation laws . . . . . . . . . . . . . . . . . . . . . . . . . . 71 5.8.3 Systems of conservation laws . . . . . . . . . . . . . . . . . . . . . . . 71

Chapter 6: Wave Propagation Algorithms on Curved Manifolds 73 6.1 The coordinate grid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74 6.2 Flux differences on a manifold . . . . . . . . . . . . . . . . . . . . . . . . . . . 78 6.3 Orthonormal frames . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 6.4 Scalar conservation laws . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83 6.4.1 Wave speeds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85 6.4.2 Advection in a polar basis . . . . . . . . . . . . . . . . . . . . . . . . . 86 6.5 Vector conservation laws . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89 6.5.1 Discrete parallel transport . . . . . . . . . . . . . . . . . . . . . . . . . 91 6.6 Accuracy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93 6.7 Features of the new algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . 94 6.8 The scalar field equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95 6.9 A Euclidean manifold: M = IR^2 covered by curvilinear coordinates . . . . . . 96 6.10 A Riemannian manifold: M defined by a surface z = b(x^1, x^2) . . . . . . . . . 98 6.10.1 Radially symmetric initial conditions . . . . . . . . . . . . . . . . . . . 101 6.10.2 Initial conditions with no symmetry . . . . . . . . . . . . . . . . . . . 102

Chapter 7: The software package clawman 107 7.1 Obtaining clawman . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107 7.2 Code parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111 7.2.1 Initialization parameters . . . . . . . . . . . . . . . . . . . . . . . . . . 112 7.2.2 User parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114 7.3 Setting the geometry on M . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115 7.4 Solving the Riemann problems . . . . . . . . . . . . . . . . . . . . . . . . . . 116 7.4.1 Normal Riemann problems . . . . . . . . . . . . . . . . . . . . . . . . 117 7.4.2 Transverse Riemann problems . . . . . . . . . . . . . . . . . . . . . . . 118 7.5 Environment variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

Chapter 8: Relativistic Hydrodynamics 120 8.1 Einstein’s relativity theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120 8.2 {3+1} Foliation of Spacetime . . . . . . . . . . . . . . . . . . . . . . . . . . . 122 8.3 Relativistic Hydrodynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123 8.3.1 Computational difficulties . . . . . . . . . . . . . . . . . . . . . . . . . 126 8.3.2 Special relativistic test fluids . . . . . . . . . . . . . . . . . . . . . . . 127 8.3.3 Spherical accretion of dust onto a Schwarzschild black hole . . . . . . 130 8.3.4 Relativistic flow of an irrotational, isentropic perfect fluid . . . . . . . 133

Chapter 9: Conclusions and future work 136 9.1 A new class of wave propagation methods . . . . . . . . . . . . . . . . . . . . 136 9.2 Software . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137 9.3 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138 9.4 Future directions of this work . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

Bibliography 140

Appendix A: Approximate Riemann solvers 146 A.1 A Riemann solver based on Godunov’s flux function . . . . . . . . . . . . . . 146 A.2 A Riemann solver based on the Marquina flux function . . . . . . . . . . . . . 147 Fluctuation splitting of Marquina’s flux . . . . . . . . . . . . . . . . . 148 A.3 A Riemann solver based on arithmetic averaging . . . . . . . . . . . . . . . . 149 A.3.1 Fluctuation splitting . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

Appendix B: Euler equations for a Classical fluid 151

LIST OF FIGURES

1.1 Six coordinate patches that cover the surface of a sphere, avoiding the polar singularity in standard coordinates. . . . . . . . . . . . . . . . . . . . . . . . . 2 1.2 Steady-state accretion of a gas onto a Schwarzschild black hole. Plotted on an embedding diagram is the density at a late time of a typical simulation. . 3

2.1 (a) The result of averaging q onto a one-dimensional finite volume grid. (b) Waves emanate from finite volume cell edges. . . . . . . . . . . . . . . . . . . 10 2.2 The solution for linear problems is a superposition of waves. Waves separate piece-wise constant regions of the solution. . . . . . . . . . . . . . . . . . . . . 13 2.3 (a) The function q is constant along characteristics. (b) The initial discontinuity in q travels at speed s. Since f^′(q_l) > f^′ (q_r) the characteristics disappear into the line x = st. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 2.4 (a) The function q is still constant along characteristics. (b) The initial discontinuity in q now decomposes into a continuously varying rarefaction wave. The characteristics fan out from the location of the initial discontinuity. 16 2.5 Wave generation of fluctuation differences . . . . . . . . . . . . . . . . . . . . 17 2.6 (a) A wave propagates in a multidimensional way that affects more cells than just the adjacent cells. (b) The correction triangles that result from the multidimensional propagation of waves. . . . . . . . . . . . . . . . . . . . . . 21

3.1 (a) The solution to the generalized Riemann problem for the advection equation consists of a traveling wave W^1_{i−1/2} and a stationary jump in Q across the interface x = x_{i−1/2}. (b) The solution for a system of equations also contains a stationary jump. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 3.2 (a) A comparison between the exact solution (solid line) and a numerical solution (circles) at t = 0.6 ≈ 0.78T_b. The solution is beginning to steepen as it propagates to the right. Also shown is the initial condition (dashed line). (b) The numerical solution at t = 3.0. The classical solution has shocked and we are computing the conservative weak solution. The dashed line, once again, represents the initial condition. . . . . . . . . . . . . . . . . . . . . . . 31 3.3 (a) Errors in the computed solution for various cell widths at t = 0.6.(b) A Log-Log plot of the error as a function of the cell width dx. The One norm is plotted with a circle and the Max norm is plotted with an x. A linear fit is also plotted from which an order of accuracy is computed. . . . . . . . . . . 32 3.4 Flow in a duct with variable cross-sectional area. The wall is placed along the function f(x). The minimum area is a_{min} = 1 − ϵ. . . . . . . . . . . . . . 33

3.5 The exact solution for flow in a duct with spatially-varying cross-sectional area. Plotted is the Mach number M(x) for (a) initial conditions so that the flow remains subsonic throughout the duct, and (b) initial conditions so that the flow becomes supersonic and a shock develops. . . . . . . . . . . . . . . . 34 3.6 The time evolution of both the (a) subsonic solution and the (b) supersonic solution. Contours of the solution in the x − t plane are shown. At early times both solutions are dynamic, but eventually settle to a steady-state. . . 35 3.7 A comparison of the numerical solution (circles) to the exact solution (solid line) for the entirely subsonic problem shown in Figure 3.5(a). Shown are the (a) density, (b) velocity, and (c) pressure for the flow. . . . . . . . . . . . . . 36 3.8 A comparison of the numerical solution (circles) to the exact solution (solid line) for the supersonic problem shown in Figure 3.5(b). Shown are the (a) density, (b) velocity, and (c) pressure for the flow. . . . . . . . . . . . . . . . 37

4.1 (a) Standard cell averaging (b) Wave propagation from cell interfaces resulting from solving the Riemann problems. . . . . . . . . . . . . . . . . . . . . . 39 4.2 (a) Modified cell averages for the quasi-steady approach. (b) Wave propagation with cell centered Riemann problems included. . . . . . . . . . . . . . . . 40 4.3 A comparison of both third and fifth order asymptotics with the exact roots for (a) δ_ρ and (b) δ_e. The finite volume cell is taken to have K = 1/10, γ = 5/3, a^x = 1, and G ∈ [0, 6/10]. The solid line represents the exact roots as a function of G, the dashed line is an O(G^3) asymptotic approximation to these roots, and the dot-dashed line represents an O(G^5) approximation. . . . 46 4.4 Numerical solutions for a smoothly perturbed isothermal Numerical results for the (a) Strang-split method, (b) quasi-steady method with M = 2, and (c) the method based on f-waves. Circles represent the computed values on a grid with 200 cells, the dashed line represents the initial condition, and the solid line was computed using the quasi-steady method on a grid with 8000 cells. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 4.5 (a) Log-Log plot of the one-norm error in the perturbed pressure for the isothermal equilibrium. (b) Log-Log plot of the one-norm error for the perturbed equilibrium. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 4.6 The same numerical methods are again applied to a perturbed isothermal equilibrium, but now the perturbation is not smooth. Both the quasi-steady method and the modified flux difference method handle the discontinuities very well. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

5.1 The extension of a locally flat coordinate patch tangent to S^2 at a point. . . 54 5.2 A local region U ⊂ M of a 2-sphere is covered by the 2-dimensional coordinate map X = (ϕ, θ) in IR^2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

5.3 (a) A flat-space vector has both magnitude and direction defined by a parameterized line connecting two points P and Q. (b) In curved space a vector is defined by a point-wise directional derivative operation on smooth functions. 56 5.4 Tangent space T_M (P) at P. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 5.5 (a) The vector ⃗v = 1/ √ 2(1, 1) represented in a standard Cartesian basis. (b) The same vector represented in the new basis {⃗e ¯_{(k)}} that has been rotated through 45^∘ and scaled by α. The component of ⃗v must be scaled by 1/α to keep the magnitude the same. . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 5.6 The basis {⃗e_{(i)}} is tangent to the coordinate curves C_1 and C_2 at the point of intersection. The co-basis {ẽ^{(i)}}, on the other hand, is perpendicular to the opposite coordinate curves. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 5.7 The parallel transport of a vector along a curve from a point P to Q in the manifold M . Parallel transport with respect to the vector tangent to C(λ) leaves the vector covariantly unchanged along the curve. . . . . . . . . . . . . 68

6.1 (a) The physical cell consists of the four points {P_1, P_2, P_3, P_4} connected by the coordinate curves C_1 and C_2 and has a volume V (C) = ∫ C √ h dx^1 dx^2.

(b) The cell as it is represented on the computational grid. The volume is approximated by V_{i j} = √ h_{i j} Δx^1 Δx^2 ≈ V (C). . . . . . . . . . . . . . . . . . 75 6.2 The orthonormal frames at each cell edge along x^1. Riemann problems are solved in these orthonormal frames to compute the flux per unit area at each cell interface. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 6.3 (a) Two f-waves traveling into cells C_{i−1 j} and C_{ij} in the coordinate grid. (b) The same two f-waves traveling on the physical grid where it is clear the right-traveling wave is entering a cell with larger volume. . . . . . . . . . . . . 86 6.4 Radially symmetric velocity field used in advection example. The velocity becomes large and positive for small values of r with increasing n. . . . . . . 87 6.5 (a) Contours of the concentration at t = 0.6 for n = 0. (b) Contours of the concentration at t = 0.6 for n = 4/3. . . . . . . . . . . . . . . . . . . . . . . . 88 6.6 The exact solution at t = 0.6 for each n ∈ {0, 1, 4/3} is represented by the solid lines. The initial condition is shown as a dashed line. A scatter plot of the computed solution is also shown for each n as circles. . . . . . . . . . . . 89 6.7 A plot of the one norm for the error in the computed solution with n = 0.

The order has been computed to be 2.05. . . . . . . . . . . . . . . . . . . . . 90 6.8 The basis vectors at the centers of cells C_{i−1j} and C_{ij} are different than the basis at the cell edge. Vector and tensor components must be parallel propagated to the basis at the cell edge. . . . . . . . . . . . . . . . . . . . . . 91 6.9 Three curvilinear grids with a variety of geometric complexity. . . . . . . . . 96 6.10 (a) A plot of the solution with the physical grid lines. (b) contours of the same solution. Also plotted are vectors indicating the direction of the velocity. 97

6.11 (a) A scatter plot of the computed solution on a 50 × 50 grid. Computed values are displayed as circles, and the solid line represents the highly-refined one-dimensional solution (b) The same as (a) for a 200 × 200 grid. . . . . . . 98 6.12 The surface that defines M for the examples presented in Section 6.10. (a) Geodesics initialized as right-going curves along the left boundary are projected down onto a coordinate plane. The depression in the surface causes the geodesics to converge. (b) As the dip gets larger in amplitude, the geodesics converge more and eventually wrap around the center of the surface as shown here. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100 6.13 (a) The manifold on which the radially symmetric solution is computed. Contours of the initial pressure pulse are shown. (b) The initial profile of the pressure as a function of radius. . . . . . . . . . . . . . . . . . . . . . . . . . . 101 6.14 The time evolution of the radially symmetric problem. Each image is a scatter plot of all computed data. (a) t = 1.0 (b) t = 1.5 (c) t = 2.5 (d) Contours of the final solution plotted together with the manifold. . . . . . . . . . . . . . . 102 6.15 A time sequence of the multidimensional solution. The contours of the solution are plotted on a plane projected down from the manifold. . . . . . . . . . 105 6.16 A comparison of the pressure and velocity computed by clawman and clawpack for the multidimensional example. . . . . . . . . . . . . . . . . . . . . . 106

7.1 Parallel transport to both the edge at which the normal Riemann problem is solved, and the four edges at which transverse Riemann problems are solved. 117

8.1 {3 + 1} foliation of spacetime showing the role of the shift vector ⃗β. . . . . . 122 8.2 (a) Piecewise constant initial data with a jump across an interface. (b) Time evolution of the decay of this initial data. . . . . . . . . . . . . . . . . . . . . 128 8.3 Comparison of computed solution and an exact solution for the first special relativistic example. The computed solution is shown as circles and the exact solution as a solid line. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129 8.4 Comparison of computed solution and an exact solution for the second special relativistic example. The computed solution is shown as circles and the exact solution as a solid line. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130 8.5 An embedding diagram of the Schwarzschild spacetime manifold with ϕ held fixed, and r and θ allowed to vary. Also depicted is a wave traveling towards the black hole singularity. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131 8.6 Spherically symmetric accretion of dust onto a Schwarzschild black hole. An exact solution is compared to the two-dimensional computed data as a function of r. The solid line represents the exact solution, and circles represent the computed data. (a) The steady state density profile. (b) The steady state radial coordinate velocity. . . . . . . . . . . . . . . . . . . . . . . . . . . 132

8.7 The time evolution of flow past a relativistic hard sphere. Plotted are the equi-potential lines of the flow. Particles travel along lines that are perpendicular to these contours. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

A.1 Hugoniot curves intersecting for left and right states that produce superluminal speeds for the classical equations. . . . . . . . . . . . . . . . . . . . . 147

LIST OF TABLES

4.1 One-norm errors for the numerical solutions generated by three methods for the isothermal equilibrium. The method based on Strang splitting only computes the steady solution to first order. The methods based on the multi-step quasi-steady approximation and the modified flux difference both compute second order solutions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 4.2 One-norm errors for the numerical solutions generated by the same three methods for the perturbed isothermal equilibrium. The method based on Strang splitting is, once again, only first order. . . . . . . . . . . . . . . . . . 49

6.1 The role of the indices I, J, and K for each direction in which Riemann problems are solved. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81 6.2 Parameters used in the curvilinear transformation. The particular parameters are chosen to increase the complexity of the grids. The last grid has all nonzero Christoffel symbols. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97 6.3 The one norm of the error in the computed pressure, p, first component of the velocity, v^1, and the second component of velocity, v^2. . . . . . . . . . . . 99 6.4 The one-norm values of the difference between pressures and velocities computed by clawmanand clawpackas the grid is refined. . . . . . . . . . . . . 103

7.1 A typical param.data file used to define initialization parameters described in Section 7.2.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111 7.2 A typical init.data file used to define user parameters. . . . . . . . . . . . . 114 7.3 A typical function hfunct.f90 that is used to set the metric coefficients h_{11}, h_{12}, and h_{22}. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

ACKNOWLEDGMENTS

I would like to express sincere gratitude for my research advisor, Randall J. LeVeque. Randy’s tireless interest in new ideas, remarkable talent for teaching difficult concepts through simple examples, and his endless well of patience are only a few of his inspirational attributes that I have greatly benefited from during my career as a graduate student. His generous allocation of funding resources have allowed me the opportunity to focus on research, present my work at numerous conferences, and interact with scientists all over the world. I am honored to have studied under him.

I am also very grateful to Jim Bardeen for his invaluable insite into many of the numerical and physical issues that came up during my research. In particular, I would like to thank Jim for teaching me so much about the general theory of relativity.

The rest of my committee members have also been very helpful to me during my time at the University of Washington. I thank Peter Schmid for his courses in numerical analysis, integral equations, and fluid dynamics. I also thank Jerry Kevorkian for his courses in partial differential equations, perturbation theory, and independent problems that he suggested for me to study. I would like to express my appreciation for James Anderson, the Graduate School Representative on my committee. He graciously joined my committee just before the defense. I would also like to thank my friends and colleagues in the Department of Applied Mathematics. In particular, I have enjoyed working with James Rossmanith and Arnold Kim.

I would also like to express gratitude and deep appreciation for my family and friends who have supported me during my time at the University of Washington. My wife Nicole has been, and will always be, the inspiration for my life and work. For this inspiration, and her loving support, I am very grateful. I am also thankful for the unyielding encouragement throughout my life from my parents. I am inspired by the strength of my Mother Robin. Throughout my studies, I have enjoyed discussing my research with my brother Brandon. I would like to thank my wife’s family for all the encouragement that they have given me over the years. Particularly, I am grateful of the support that Nicole’s Mother and Father, Stuart and Denise Ames, have given Nicole and I. I would like to thank my friend Max for thirty years worth of good times. Finally, I thank esoli inc. for the time necessary to finish this dissertation.