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Outline

Today:

Gas dynamics

Linearization of gas dynamics
Linear acoustics

Diagonalization of linear systems
Meaning of eigenvectors

e Characteristic solution for acoustics

Next:
e Riemann problem for acoustics
¢ Finite volume methods

Reading: Chapter 3 and start Chapter 4

R.J. LeVeque, University of Washington AMath 574, January 10, 2011



Compressible gas dynamics

In one space dimension (e.g. in a pipe).
p(z,t) = density, wu(z,t) = velocity,
p(x,t) = pressure, p(x,t)u(x,t) = momentum.

Conservation of:

mass: p flux: pu
momentum: pu  flux: (pu)u+p
(energy)

Conservation laws:
pt+ (pu)z =0
(puw)¢ + (pu® 4+ p)z =0
Equation of state:
p=P(p).
(Later: p may also depend on internal energy / temperature)

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Chap. 14]



Compressible gas dynamics

Conservation laws:

pt + (pu)z =0
(pu)s + (pu® + p)s =0

g

% %3

Momentum flux:
pu? = (pu)u = advective flux

p term in flux?
e —p, = force in Newton’s second law,
e as momentum flux: microscopic motion of gas molecules.

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Chap. 14]



Momentum flux arising from pressure
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Note that:
e molecules with positive z-velocity crossing x; to right

increase the momentum in [z, z2]
e molecules with negative z-velocity crossing x; to left also
increase the momentum in [z, x2]
Hence momentum flux increases with pressure p(x1,t) even if
macroscopic (average) velocity is zero.

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Chap. 14]



Compressible gas dynamics
Conservation laws:
pt + (pu)e =0

(pu)i + (pu® + p)s =0

Equation of state:
p = P(p).

Same as shallow water if P(p) = $gp? (with p = h).
Isothermal: P(p) = a?p (since T proportional to p/p).
Isentropic: P(p) = &pY (v =~ 1.4 for air)

Jacobian matrix:

0 1

f(q) = Plo)—u? 2u |’ A=ux+Plp).

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Chap. 14]



The Riemann problem

Dam break problem for shallow water equations

(hu); + (hu® + %ghz)x =0

Depth at time t = 0.00000000

Color is a passive tracer

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Chap. 13]



The Riemann problem

Dam break problem for shallow water equations

(hu); + (hu® + %ghz)x =0

Depth at time t = 0.20000000

Color is a passive tracer

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Chap. 13]



The Riemann problem

Dam break problem for shallow water equations

(hu); + (hu® + %ghz)x =0

Depth at time t = 0.30000000

Color is a passive tracer

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Chap. 13]



The Riemann problem

Dam break problem for shallow water equations

(hu); + (hu® + %ghz)x =0

Depth at time t = 0.40000000

Color is a passive tracer

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Chap. 13]



The Riemann problem

Dam break problem for shallow water equations

(hu); + (hu® + %ghz)x =0

Depth at time t = 0.50000000

Color is a passive tracer

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Chap. 13]



Riemann solution for the SW equations in x-t plane

rarefaction wave contact shock

Similarity solution:
Solution is constant on any ray: q(z,t) = Q(z/t)

Riemann solution can be calculated for many problems.
Linear: Eigenvector decomposition. Nonlinear: more difficult.

In practice “approximate Riemann solvers” used numerically.

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Chap. 13]



Compressible gas dynamics

Conservation laws:
pt + (Pu)x =0
(pu)e + (pu® + p)z =0
Equation of state:
p = P(p).
Jacobian matrix:

fq) = Pl(p)o 2 ! A=u+x+/P(p).

—u® 2u |’

Sound speed: ¢ = /P’(p) varies with p.
System is hyperbolic if P'(p) > 0.

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Chap. 14]



Linearization of gas dynamics
Suppose p(z,t) ~ pp and u(z,t) = up.

Model small perturbations to this steady state (sound waves).

i | = Lo ]| iy |

or q(z,t) = qo + ¢(z,t) where ||¢(z,t)|| = € is small.

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 2.7]



Linearization of gas dynamics
Suppose p(z,t) ~ pp and u(z,t) = up.

Model small perturbations to this steady state (sound waves).

p(l‘,t) _ £0o ﬁ(l‘,t)

[ (pu)(a,1) } B { poto } i { (p0)(x 1) }
or q(z,t) = qo + G(z,t) where ||G(x,t)|| = € is small.
Then nonlinear equation ¢; + f(q), = 0 leads to

Gt = qt
= _f(Q)m
—f(9)¢:
—f"(q0 + @)z
—f'(q0)3x + O(€%).
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Linearization of gas dynamics
Suppose p(z,t) ~ pp and u(z,t) = up.

Model small perturbations to this steady state (sound waves).

p(l‘,t) _ £0o ﬁ(l‘,t)

[ (pu)(a,1) } B { poto } i { (p0)(x 1) }
or q(z,t) = qo + G(z,t) where ||G(x,t)|| = € is small.
Then nonlinear equation ¢; + f(q), = 0 leads to

Gt = qt
= _f(Q)m
—f(9)¢:
—f"(q0 + @)z
—f'(q0)3x + O(€%).

Linearization: ¢ + A¢, = 0 where A = f/(qo).

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 2.7]



Linearization of gas dynamics

Linearization: ¢; + Ag, = 0 where A = f'(qp).

0 1
—ug + P'(po) 2ug

This can be written out as (2.47):

A= f'(q) =

pr+ (pu)z =0
(p)e + (—ug + P'(po))px + 2uo(ptt)z = 0.

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 2.7]



Linearization of gas dynamics

Linearization: ¢; + Ag, = 0 where A = f'(qp).

0 1
—ug + P'(po) 2ug

This can be written out as (2.47):

A= f'(q) =

pr+ (pu)z =0
(p)e + (—ug + P'(po))px + 2uo(ptt)z = 0.

Rewrite in terms of p and u perturbations (Exer. 2.1):

Dt + uope + Koty = 0,
pout + Pz + pouoty = 0,

where Ky = poP’(po) is the bulk modulus.

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 2.7]



Linearization of gas dynamics

ﬁt + Uoﬁx + Koty = 0,
polit + P + pouotzy = 0,

gives the system ¢, + Aq, =0 (Drop tildes)

q(x,t):[f’(%?], A:[lv;fm I;H

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 2.7]



Linearization of gas dynamics

ﬁt + Uoﬁx + Koty = 0,
polit + P + pouotzy = 0,

gives the system ¢, + Aq, =0 (Drop tildes)

q(x,t):[f’@’?], A:[lﬁo I;H

Eigenvalues: A = ug + ¢

where ¢y = \/Ko/po = \/P'(po) is the linearized sound speed.
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Linearization of gas dynamics

ﬁt + Uoﬁx + Koty = 0,
polit + P + pouotzy = 0,

gives the system ¢, + Aq, =0 (Drop tildes)

q(wvﬂ:[p(x’?]’ A:[lﬁo I;H

Eigenvalues: A = ug + ¢

where ¢y = \/Ko/po = \/P'(po) is the linearized sound speed.

Usually ug = 0 for linear acoustics. Then A! = —cy, A? = +c.

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 2.7]



Example: Linear acoustics in a 1d tube

g= [ P ] p(x,t) = pressure perturbation

u u(z,t) = velocity
Equations:
Pt + Kug 0 k = bulk modulus
pus +p, =0 p = density
or

Ll sl

Eigenvalues: \ = +¢, where ¢ = \/k/p = sound speed

Second order form: Can combine equations to obtain

2
Ptt = C Pzx

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 3.9.1]



Riemann Problem

Special initial data:

B q if <0
q(x,O)—{ g fx>0

Example: Acoustics with bursting diaphram

L% )

Pressure:

Acoustic waves propagate with speeds +c.

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 3.9.1]
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Special initial data:
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Special initial data:

B q if <0
q(x,O)—{ g fx>0

Example: Acoustics with bursting diaphram
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Riemann Problem

Special initial data:

B q if <0
q(x,O)—{ g fx>0

Example: Acoustics with bursting diaphram

L% )
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Riemann Problem

Special initial data:

B q if <0
q(x,O)—{ g fx>0

Example: Acoustics with bursting diaphram

L% )
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Riemann Problem

Special initial data:

B q if <0
q(x,O)—{ g fx>0

Example: Acoustics with bursting diaphram

L% )

Pressure:

Acoustic waves propagate with speeds +c.

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 3.9.1]



Riemann Problem for acoustics

Waves propagating in z—t space:

Left-going wave W' = ¢, — ¢; and
right-going wave W? = ¢, — q,, are eigenvectors of A.

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 3.9.1]



Eigenvectors for acoustics
up Ko
A=
{1/00 UO]
Eigenvectors:
1_ | —Poco 2 _ | Poco
S I
Check that ArP = \PrP, where

)\1=UQ—CQ, /\QZUO-‘y-Co.

with Cco = \/K()/p() - K() = pocg.

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 2.8]



Eigenvectors for acoustics
K
g | wo Ko ]
{ 1/po wo

Eigenvectors:

1_ | —Poco 2 _ | Poco
e A I |
Check that ArP = \PrP, where
)\1=UQ—C(), /\QZUO-‘y-Co.

with Cco = \/K()/p() - K() = pocg.
Note: Eigenvectors are independent of .

Let Zy = poco = v Kopo = impedance.

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 2.8]



Diagonalization of linear system

Consider constant coefficient linear system ¢; + Ag, = 0.

Suppose hyperbolic:
e Real eigenvalues \' < A2 < ... <\,

e Linearly independent eigenvalues !, r2, ..., ™.

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 2.9]



Diagonalization of linear system

Consider constant coefficient linear system ¢; + Ag, = 0.

Suppose hyperbolic:
e Real eigenvalues \' < A2 < ... <\,

m

e Linearly independent eigenvalues !, r2, ..., r™.
Let R = [r!|r?|---|r™] m x m matrix of eigenvectors.
Then ArP = A\PrP means that AR = RA where

Al
)\2
A= _ =diag(\}, A%, .. ™).

Am
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Diagonalization of linear system

Consider constant coefficient linear system ¢; + Ag, = 0.

Suppose hyperbolic:
e Real eigenvalues \' < A2 < ... <\,

m

e Linearly independent eigenvalues !, r2, ..., ™.

Let R = [r!|r?|---|r™] m x m matrix of eigenvectors.
Then ArP = APrP means that AR = RA where
Al
)\2
A= _ =diag(\}, A%, .. ™).
Am
AR=RA = A=RAR' and R !'AR=A.
Similarity transformation with R diagonalizes A.

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 2.9]



Diagonalization of linear system
Consider constant coefficient linear system ¢ + Aq, = 0.
Multiply system by R~!:
R 'qi(x,t) + R Aqu(z,t) = 0.

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 2.9, 3.1]



Diagonalization of linear system
Consider constant coefficient linear system ¢ + Aq, = 0.
Multiply system by R~!:
R7lq(z,t) + R Aqp(x,t) = 0.
Introduce RR~! = I:

R 'q(x,t) + RTARR qu(2,t) = 0.

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 2.9, 3.1]



Diagonalization of linear system
Consider constant coefficient linear system ¢ + Aq, = 0.
Multiply system by R~!:
R7lq(z,t) + R Aqp(x,t) = 0.
Introduce RR™! = I:
R 'q(x,t) + RTARR qu(2,t) = 0.
Use R~'AR = A and define w(z,t) = R~ 1q(x,1):

we(z,t) + Awy(z,t) = 0. Since R is constant!

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 2.9, 3.1]



Diagonalization of linear system
Consider constant coefficient linear system ¢ + Aq, = 0.
Multiply system by R~!:
R7lq(z,t) + R Aqp(x,t) = 0.
Introduce RR™! = I:
R 'q(x,t) + RTARR qu(2,t) = 0.
Use R~'AR = A and define w(z,t) = R~ 1q(x,1):

we(z,t) + Awy(z,t) = 0. Since R is constant!

This decouples to m independent scalar advection equations:

wh (z,t) + MNwl(z,t) = 0. p=1,2, ..., m

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 2.9, 3.1]



Solution to Cauchy problem

Suppose ¢(z,0) = Z(x) for —oo <2 < 0.

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 3.1]



Solution to Cauchy problem
Suppose ¢(z,0) = Z(x) for —oo <2 < 0.
From this initial data we can compute data

o —19

w(z) = R~ q(x)

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 3.1]



Solution to Cauchy problem
Suppose ¢(z,0) = Z(x) for —oo <2 < 0.
From this initial data we can compute data
w(z) = R 'gq(x)
The solution to the decoupled equation w! + N wh = 0 is

WP (z,t) = wP(z — NP, 0) = w0 (z — \Pt).

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 3.1]



Solution to Cauchy problem
Suppose ¢(z,0) = cq)(ac) for —oo <2 < 0.
From this initial data we can compute data
w(z) = R 'gq(x)
The solution to the decoupled equation w! + N wh = 0 is
WP (z,t) = wP(z — NP, 0) = w0 (z — \Pt).
Putting these together in vector gives w(x, t) and finally

q(z,t) = Rw(x,t).
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Solution to Cauchy problem
Suppose ¢(z,0) = cq)(ac) for —oo <2 < 0.
From this initial data we can compute data
w(z) = R 'gq(x)
The solution to the decoupled equation w! + N wh = 0 is
WP (z,t) = wP(z — NP, 0) = w0 (z — \Pt).
Putting these together in vector gives w(x, t) and finally
q(z,t) = Rw(x,t).

We can rewrite this as

q(z,t) = pr(x,t) rP = Zz?/p(:c — \Pt)rP
p=1 p=1

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 3.1]



Physical meaning of eigenvectors

Eigenvectors for acoustics:
1_ | —poco | _ | —2Zo 2 _ | poco | _ | Zo
S R I B S R
Consider a pure 1-wave (simple wave), at speed \' = —cj,
o ol
If g(z) = g+ w (x)r! then

1
q(z,t) =q+ 0 (x — Alt)rl

Variation of ¢, as measured by ¢, or Aq = q(z + Az) — q(x)
is proportional to eigenvector r', e.g.

Gz (z,t) = Uoji(l‘ — )\lt)rl

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 3.4, 3.5]



Physical meaning of eigenvectors

Eigenvectors for acoustics:
1_ | =poco | _ | =20 2 _ | poco | _ | Zo
I e R e
In a simple 1-wave (propagating at speed \! = —¢),

[ = )

The pressure variation is —Z, times the velocity variation.

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 3.5]



Physical meaning of eigenvectors
Eigenvectors for acoustics:
T1Z[P1000}:{1Zo}7 T2:|:p0100:|:|:210:|'
In a simple 1-wave (propagating at speed \! = —¢),
M

The pressure variation is —Z, times the velocity variation.

Similarly, in a simple 2-wave (\? = ),

Pz | Zy
BRI
The pressure variation is Z, times the velocity variation.

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 3.5]



Acoustic waves

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 3.5]



Acoustic waves

/\

AV4

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 3.5]



Acoustic waves

_ [ B2 || B2
—p(x)/(220) p(x)/(2%0)

/\

AV4
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Acoustic waves

_ [ B2 || B2
—p(x)/(220) p(x)/(2%0)

S

\/

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 3.5]



Acoustic waves

wo-[%] - [ 7]+ (]
= w (2, 0)r! + w?(z,0)r?

_ [ B | [ b

() (220) P2)/(270)

>
e

Y4

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 3.5]



Solution by tracing back on characteristics
The general solution for acoustics:

q(z,t) = wh(z — A, 0)rt + w?(z — N2, 0)r?

= w' (z + cot, 0)r! + w?(x — cot, 0)r?
Recall that w(x,0) = R~ 1¢(z,0), i.e.
wl(.%',O) :€1q(x,0), wQ(x>O) ZEQQ(xvo)

where ¢! and ¢? are rows of R~1.

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 3.5]



Solution by tracing back on characteristics
The general solution for acoustics:

q(z,t) = wh(z — A, 0)rt + w?(z — N2, 0)r?

= w' (z + cot, 0)r! + w?(x — cot, 0)r?
Recall that w(x,0) = R~ 1¢(z,0), i.e.
wl(.%',O) :€1q(x,0), wQ(x>O) ZEQQ(xvo)

where ¢! and ¢? are rows of R~1.

Note: ¢! and ¢? are left-eigenvectors of A:

(PA = \PP since R~'A=ARL

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 3.5]



Solution by tracing back on characteristics
The general solution for acoustics:
q(z,t) = wh(z — A, 0)rt + w?(z — N2, 0)r?

= w'(z + cot, 0)r' + w?(z — cot, 0)r?

z— M\t r— At
=x — cot =T+ cpt
R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 3.6]



Solution by tracing back on characteristics

The general solution for acoustics:

q(z,t) = wh(z — A, 0)rt + w?(z — \2t,0)r2

q(z,t)

w? constant w' constant

w?(x — A\*,0) wl(z — A, 0)
= 2q(x — \,0) = (tq(x — \'t,0)

R.J. LeVeque, University of Washington AMath 574, January 10, 2011 [FVMHP Sec. 3.5]
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