OptimizationMethodsfor Minimum Power
BidirectionalTopologyConstructionn Wireless
Networkswith SectoredAntennas

ArindamK. Das RobertJ. Marks, MohamedEl-Sharkavi, PaymanArabshahi Andrev Gray

Abstract— We consider the problem of minimum power bidi-
rectionaltopology optimization in wir elessnetworks with sectored
antennas. We rst develop a mixed integer linear programming
model for optimal solution of the problem with sectored anten-
nas. Subsequently we discussa centralized heuristic algorithm
which is basedon Kruskal' salgorithm for the minimum spanning
treeproblem. However, unlik e Kruskal' salgorithm which chooses
minimum costedgesr om a setof edgeweights,our algorithm uses
an incremental cost mechanismto selectedges. This incremental
cost mechanismis motivated by the inherently broadcastnature
of the wir elessmedium. We alsodiscussa simple branch exchange
heuristic which can be usedto impr ove the topology generatedby
the Kruskal-lik e algorithm. Simulation resultsindicate that rea-
sonablygoodsolutionscan be obtained using the proposedheuris-
tic algorithms.

|. INTRODUCTION

We considerthe problemof minimum transmitpower bidi-
rectionaltopology in multihop wirelessnetworks whereindi-
vidual nodesaretypically equippedwith limited capacitybat-
teries and thereforehave a restrictedcommunicationradius.
Topology control is one of the most fundamentaland criti-
cal issuesin multihop wireless networks which directly af-
fect the network performance.n wirelessnetworks, topology
control essentiallyinvolveschoosingthe right setof transmit-
ter powersto maintainadequatenetwork connectvity. Incor-
rectly designedopologiescanleadto higherend-to-endielays
and reducedthroughputin errorpronechannels. In enegy-
constrainedhetworks wherereplacemenbr periodic mainte-
nanceof nodebatterieds not feasible theissueis all themore
critical sinceit directly impactsthe network lifetime.

In aseminalpaperon topologycontrolusingtransmitpower
controlin wirelessnetworks,RamanathaandRosales-Haiffil]
approachedhe problemfrom an optimizationviewpoint and
showved that a network topology which minimizes the max-
imum transmitterpower allocatedto ary node can be con-
structedin polynomialtime. This is a critical criterionin bat-
tle eld applicationssince using higher transmitterpower in-
creaseghe probability of detectionby enemyradar In this
paper we attemptto solve the minimum power topologyprob-
lem in wirelessnetworks with sectoredantennas.Minimizing
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the total transmitpower hasthe effect of limiting the total in-
terferencepower in the network. It hasbeenshavn in [2] that
this problemis NP-completdor the specialcaseof omnidirec-
tional (or, singlesector)antennasRelatedwork in the areaof
minimum power topologyconstructiorinclude[3], [4] and[5],
all of which proposedistributed algorithms. Speci cally, [3]
proposes cone-basediistributed algorithmwhich reliesonly
onangle-of-arval estimatego establisha power ef cient con-
nectedopology Huangetal [4] describeadistributedprotocol
which is designedor sectoredantennasystems.The work in
[5] exploresthe useof relative neighborhoodjraphg RNG) for
topologycontrolandsuggestanalgorithmfor distributedcom-
putationof the RNG. In this paper we approachhe topology
designproblemfrom an optimizationviewpoint andfocuson
centralizedsolution methods. The optimal solution method,
in particular is intendedfor benchmarkingthe performance
of other heuristicsor for of ine computationin caseswhere
planneddeploymentof the network is possible.

We rst developamixedintegerlinearprogrammingMILP)
modelfor optimalsolutionof the minimumpower bidirectional
topology problemwith sectoredantennas.The formulationis
o w-basedandhasa polynomialnumberof constraintsunlike
the model proposedn [6] which usesan exponentialnumber
of constraints.Subsequentlywe discussa heuristicalgorithm
which is basedon Kruskal's algorithm [7] for the minimum
spanningtree problem. However, unlike Kruskal's algorithm
which choosesninimumcostedgedrom asetof edgeweights,
our algorithm usesan incrementalcost mechanisnto select
edges. This incrementalcost mechanisms motivatedby the
inherentlybroadcasnatureof the wirelessmedium. We also
discussa simplebranchexchangeheuristicwhich canbe used
to improve thetopologygeneratedisingthe Kruskal-like algo-
rithm.

Therestof the paperis organizedasfollows. In Sectionll,
we describeghenetwork modelandoutlineourassumptionsin
Sectionlll, we formally de ne the problemandin SectionlV,
we developthe MILP modelfor solvingtheproblemoptimally.
SectionV explainsthe heuristicalgorithms.Finally, simulation
resultsarepresentedn SectionVI.

Il. NETWORK MODEL

We considera static N -nodenetwork andall nodesare as-
sumedto have S-sectorantennasThe numberof sectors S, is
relatedto thebeamwidth, (in degrees)asfollows:

S = 360= 1)



Notethat = 360() S = 1) correspond$o an omnidirec-
tionalantenna.
We make several simplifying assumptionson the antenna
properties Thesearelistedbelow:
Eachsectoris assumedo spanthe angularregion [(s
1)360= ;(s)360= ] inthe2-D plane,wherel s Sis
thesectomumber
We ignore sidelobeeffects and assumehat when sector
s is switchedon, 100%of the radiatedpower is con ned
within that sector providing an uniform gain within the
angularregion spannedy thesector
We considerantennasvith 100%ef ciency. Thatis, we
ignoreary antenngower losses.
Following our simplifying assumptionsthe transmitterpower
ati necessaryo supportthelink (i ! j), Py , canbewritten
to be proportional(accountingor link/antennagainsandother
factors)to d; =S, whered; is the Euclideandistancebetween
nodesi andj. If (xi;yi) arethe coordinatesof nodei and
(typically in therange2 4) is thechannelossexponent,
dj is givenby:

i X2+ (i y)2 2)

Without ary lossof generality we setthe proportionalitycon-
stantto be equalto 1 andtherefore:

Pij = d'] =S

dq =

©)

Finally, we addresnly the transmitpower costsin this paper
andignoreary receptiorpower costsduringthetopologysetup
phase. We plan to addresghis issuesin future, in a broader
context of K -connectvity, as opposedo simple connectvity
assumedh this paper

I1l. PROBLEM STATEMENT

Let Y beavectorof nodetransmissiorpowers,the element
Y; representinghetotal transmissiompower costof nodei. For
anS-sectorantennay; canbewritten as:

(4)

s=1

whereY;s is thetransmissiompower costcorrespondingo sec-
tor s of nodei. We assumehateachnodehasa constrainton
the maximumtransmittermpower it canuseper sector denoted
by Y;T® . Thatis:
0 Vis X :8i2N;1 s S (5)

whereN is thesetof all nodesin thenetwork andjN j = N.

Also, let E thesetof all bidirectededges. Let thecardinality
of the setbe E; i;e;, E = jEj. Usingthe transmitterpower
constraintthe setof all bidirectionaledgesin the network, E,
is givenby:

E=f@0$ j):@@))2Ni6 Py Y™ P Yg™g

(6)
LIn this paper the notation(i $ |) is usedto denotea bidirectionallink

betweemodes andj while adirectedlink fromi toj is representedy (i !
j)- Thenotation(i; j ) is usedto referto thenodepair.

Sector 1

Sector 3

o Sector 2
lllustrating link supportwith a 3-sectorantenna.NodesC, D and

E arelocatedin the samesector w.r.t A, D beingthe farthest. Existenceof

Fig. 1.

thelink A ! D impliesthe existenceof linksA | C andA ! E. The
total transmissiorcostof nodeA is: Yo = Ya 1 + Ya 3, whereYa. 1 =
max (Pac ;Pap ;Pae ) = Pap andYa. 3 = Pag . Sincesector2 is not
used,Ya. 2 = 0.

Thethird andfourth conditionson theright handsideof (6) en-
forcethe bidirectionalityof edgesdependingon the maximum
sectorpower constrain. For the sale of simplicity, we will,
with a slight abuseof notation,alsousethe setE to referto all
directededgesfi ! jg,inthegraph.
(i$j)2E) (! j)2Eand(j! )2 E @)
In awirelessnetwork with sectoredantennasthe existenceof
alink from nodei to nodej alsoimpliesthe existenceof links
fromi to all nodeswhich are geometricallycloserto i thanj
andarelocatedin the samesectorasj , with respectoi. For
example,in Figurel, nodesC, D andE areall locatedin the
samesectorw.r.t nodeA, nodeD beingthefarthest.Existence
ofthelink A'! D thereforampliestheexistenceof links A !
CandA ! E. Thetotaltransmitpowercostof nodeA isYa =
Ya;1 + Ya; 3, whereYa.1 = max(Pac ;Pap ;Pag) = Pap
andYa. 3 = P ag . Sincesector2 is notused,Ya.» = 0.
The objective function for the minimum power topological
optimizationproblemis:
| |
! N !
Yi;S
i=1 s=1

. - . X\|
minimiz e Yi
i=1

= minimiz e

(8)

Note that insteadof minimizing the total transmitpower, we
couldalsominimizethepernodemaximumtransmittepower:

!
(e )
minimiz e max Ys :1 i N (9)
s=1
or the persectormaximumtransmitterpower:
minimiz e(maxfYis :1 1 N;1 s Sg) (10)

Theobjectivefunctions(9) and(10) areequivalentfor networks
with omnidirectionalantennagi:e:, S = 1). It hasbeenshovn
by RamanathaandRosales-Haiifil ] thattheobjectivefunction
in (9) canbesolvedoptimally in polynomialtime for anomni-
directionalantennasystem. The algorithm proposedby them
is alsoapplicableto the sectoredantennecase|if (3) is usedto

2Note that, while the network may have unidirectionaledges(e:g:, dueto
unev/entransmitterpower constraints)yve restrictthe setof candidateedgeso
thebidirectionalonesonly.



computeedgecosts. However, it hasbeenshavn by Clementi
et al [2] thatthe objective function in (8) is NP-completefor
S = 1. Consequentlyit canbe inferredthatthe generalS-
sectoroptimizationproblemis NP-completdoo.

Finally, wewouldliketo pointoutthatfor enegy constrained
networks, it is desirablehatthe network topologybeoptimized
takinginto accountbatteryresidualcapacitiesThis canbe ac-
complishedoy rede ning P;; asfollows:

(t) (dj =9)

whereC; (1) is thenormalizedbatteryresidualcapacityof node
i attimet (0 Ci(t) 1)and isascalingfactor 1

Pij = G (11)

IV. MILP MODEL

LetfFy :8( ! j) 2 Egbeasetof ow variables(Fj
representshe o w from nodei to nodej ), with E de ned asin
(6). Note thatthe o w variablescorrespondo directededges
andthereforejf Fj gj = 2E. The bidirectionaltopology opti-
mizationproblemcanbeinterpretedasasingle-originmultiple-
destinatioruncapacitate w problem,the numberof destina-
tionsbeingequaltoN 1 (i:e:, all nodesotherthanthesource).
In o w problemsthereis usuallyanidenti ed sourcenodeand
a commodityneedsto be routedfrom that sourceto the desti-
nationnodes. In topologicaloptimizationproblems,however,
theres noidenti ed sourcenode. As we will seelater, our as-
sumptionof bidirectionallinks allows usto arbitrarily designate
a sourcenodewithout violating the optimality of the solution.
Consequentlyjet usdesignateodel asthesourceandall other
nodesf 2, 3, N g asthe destinations. The corresponding
o w problemthereforeinvolvesroutingD unitsof supplyfrom
nodel (which hasno demand)o all othernodeswhich have
one unit of demandeach(and no supply). Thesesupply and
demandconstraintscan be straightforwardly expressedas the
following ow conservatiorequationgseefor example[8]):

X
F; =N 1,(1! j)2E (12)

j=2
Fi=0(! 1)2E (13)

j=2

X

Fii Fi = 1,8 2fN nig;(i! j)2E (14)

j=1 j=1
Let usnow de ne asetof indicatorvariables X : (i ! j) 2

EgsuchthatX; = 1if F; 1. Thesetof constraintavhich
couplethe o w variablesandthe X ; variablesis:

(N 1) Xi Fi 0;831! j)2E (15)
For example,giventhe o w solutionin Figure2(b), the status
oftheX; variablesareX o = X5 = Xo3 = X24 = X56 = 1,
therestbeingequalto 0. Thecoefcient of X in (15)is dueto
thefactthatthemaximum o w out of ary nodeonasinglelink
isequaltoN 1. Notethatthe smallestintegervalueof X
Which satis es(15) for any nonzero o w out of nodei (i:e:, if

i Xij 1) is 1.

(b)
Fig. 2. (a) Optimalminimum power topology (b) Flow solutionwith nodel
asthesource.(c) Flow solutionwith node3 asthesource.

Finally, we haveto relatetheindicatorvariablesto thepower
variablesf Vi g. To doso,we rst de ne ne(i; s) to betheset
of neighborsof nodei which arewithin radio rangeof i and
arelocatedwithin the samesector s, w.r.t nodei. For example,
in Figure 1, ne(A;1) = fC;E;Dg, ne(A;2) = fFg and
ne(A; 3) = fBg. Next, we notethat the transmitpower of
both nodesi andj mustbe adequatan orderto supportthe
bidirectionallink (i $ j). Forexample|f P; = Pj; = P, the
transmitpowersof bothi andj mustbe equalto P to support
thelink (i $ j). In otherwords,the transmitpower cost of
nodei is affectednot only by the statusof the links outgoing
from i, but also by the links incidentto i. Consequentlythe
powervariableY;.s canbewrittenas:

Yi;s = ma>qfxij Pij ;inPji j 2 ne(i; s)g

Alternately bidirectionalitycanbe achieved by imposingcon-
straintson the symmetricityof theindicatorvariables:

Xij X;i=0;83i! j)2E (16)
With (16) in place,Y;s canbeexpresseds:
Yis = maxfX; Py :j 2 ne(i; s)g
or, equivalently,
Yis XijPj 0;8i;j 2ne(i;s);s=12 S (17)

We now shav that de ning Y;s asabove makesthe optimal
solution invariant to the choice of the sourcenode in the
o w-balanceequationg(seeeqns. 12, 13 and 14). Consider
the optimal topology shavn in Figure 2(a). For simplicity,
we assumehat all nodeshave omnidirectionalantennasi:e:,
S=1in (3) AssumeP 5 = Ps; = 1, P = Py = 6,
P23 = P32 = 3, P24 = P42 = 4andP56 = P65 = b5
Figures2(b) and 2(c) shav the statusof the ow variables



for different choicesof the sourcenode. The Xj variables
correspondingto the ow solutions in Figures 2(b) and
2(C) are X2 = X5 = Xoz = Xog = Xz = 1 and
X3 = Xo4 = Xo1 = X5 = X = 1. Notethat,despite
being a leaf in the ow tree in Figure 2(b), the transmit
power costof node3 is equalto maxf X 3P 23; X32P 320 =
X23P23 = 3, identical to that in Figure 2(c). Simi-
larly, the cost of node 2 in both gures is equal to
maxf X 23P 23; X 24P 24; X 21P 21; X 32P 32; X 42P 425 X 12P 129
= 6. It caneasilybeveri ed thatthe costof othernodesarethe
samein Figures2(b) and2(c).

The nal setof constraintexpresstheintegrality of the X
variablesandnon-neatvity of theF; andY;s variables.

Xi 0 integer, 8(i! j)2E (18)
Fij 0; 8(i! j)2E (29)
Yis 0; 8i2N;s=12 S (20)

Note thatan upperboundon Y;.s is not requiredsinceit is al-
readyaccountedor in de ning the setof valid edgeg6). The
numberof integervariablesin the MILP modelis equalto 2E
while thenumberof continuousvariableds equalto 2E + SN..
The numberof constraintsis approximatelyon the order of
2E + N(1+ 2S).

A. Additionalconstrints

While the constraintgliscusse@bove adequatelynodelthe
minimum power topology problem, experimentalresultssug-
gestthat the solutiontime is greatly reduced(by as muchas
one-fourth)if themodelis augmentedvith thefollowing addi-
tional constraintsall of which rely on the symmetricnatureof
theindicatormatrix (16).

The numberof active indicatorvariablesshouldbe equal
to2(N 1).
X X
Xij =2(N 1); 8(!

i)2E (21)

i
Eachnodemustbe connectedo atleastoneothernode.
X ij

in

1;8(! j)2E (22)

1;,8(j! i)2E (23)
j

For eachnodei, theremustbe at leastone outgoinglink

from its neighborgo the setof all othernodesexcludingi.

This conditionis necessarjor network connectvity.

X X
L,(G! KN2E | 2] sne(;s);

Xjk
ik k 2 N nfi; [ sne(i; s)g; 8i

(24)

B. Dealingwith per-sectormaximunpowerconstaint

Minimizing the total transmitpower hasthe effect of lim-
iting the total interferencepower in the network. Minimiz-
ing the maximumtransmitpower, on the otherhand,is espe-
cially critical in military applicationssinceit is directly related
to the probability of interception/detection As mentionedin
Sectionlll, thelattercriterioncanbesolvedoptimallyin poly-
nomialtime [1]. Unlike a minimum spanningree,which also

0.8 08

0.6 06
0.4 0.4

0.2 0.2

o 05 1 o 05 1
(a) (b)

Fig. 3. (a) Optimaltopology minimizing the maximumtransmitpower. The
total transmitpower is 1.61andthe maximumpower is 0.41,at nodes5 and8.
(b) Optimal topology minimizing the total transmitpower. The total transmit
power is 1.50andthe maximumpower is 0.43,atnodes4 and5.

iy 1 E 4 1 B 5 z
(4] )

Fig. 4. lllustrating upperand lower boundsof the MPT, w.r.t the MST. The
numbersabove theedgegepresenP j; 's. (a) Costof MPT = 2, whichis twice
the costof the MST. (b) Costof MST = 6, costof MPT = 1 + max(1,5)+ 5=

11, whichis equalto the costof the MST plusthe costof the bottleneckedge
in theMST.

minimizesthe maximumedgeweight,aminimumpowertopol-
ogy (MPT) may not minimizethe maximumtransmitpower, as
illustratedin Figure3. Consequentlywe may wantto solve
the MPT problemsubjectto a constrainton the maximumper
sectortransmitpower. Let ¥ be the optimal persectormaxi-
mumtransmitpower obtainedafter solvingthe minimaxprob-
lem. Rede ningthesetof valid edgesas:
E=f@i$j):(;j)2N;i6jP; ¥;P;i Yg (25
in place of (6) and solving the MILP modelswill yield a
constrainedninimum power topology suchthat the persector
transmitpower of all nodesis notgreaterthan¥ .

C. Upperandlowerboundsontheoptimalsolution

Sincebidirectionality of a link in a minimum power topol-
ogy affectsthe transmitpower level of bothits endnodesit is
easyto seethatits maximumcostis boundecby 2M ST, where
M ST is thecostof theminimumspanningdree.n otherwords,
onecouldtake the minimum spanningree,replaceeachundi-
rectededgeby two directededgesandevaluateit onapernode
persectorbasisusing (17). Doing so canat mostdoublethe
costof the MST, asshown in Figure4(a) for a trivial 2-node
network. On the other hand, sincethe costof a nodein the
MPT problemis the costof the maximumweightedgeincident
toit, it is possibleo construcaminimumpowertopologyfrom
anMST suchthatall edgesn the MST areaccountedor only
oncein the MPT, exceptfor the bottleneckedge(de ned asthe
maximumcostedgein the MST) which mustbe accountedor
twice. Consideyfor example,the MST in Figure 4(b), which
hasa costof 6. Evaluatedaccordingto the MPT criterion, it
can be seenthat the power costof nodesA, B andC are 1,
max(1,5)and>5 respectiely. Thecostof theM P T is therefore
equalto 11.



Fig. 5. lllustratingthe conceptof incrementalcostof choosinganedge.As-
sumethat nodes2, 3, 4 and5 arelocatedin sectorl w.r.t nodel andnodes
5,2, 3 and1 arelocatedin sector3 w.r.t node4. Sincenodel is maintaining
bidirectededgeswith 2 and 3, the transmitpower requiredat its sectorl an-
tennais givenby: Y 1:1 = max(P12;P13) = P12. Similarly, sincenode4
is currentlymaintaininga bidirectededgewith 5, thetransmitpower level of its
sector3 antennds givenby: Y 4.3 = P 45. Theincrementakostof choosing
theedge(1 $ 4) is de®nedastheincrementatransmitpower supportrequired
atnodel'ssectorl antenna+ theincrementatransmitpower supportrequired

atnoded'ssector3antennamax (0; P14 Y 1:1)+ max(0; P41 Y 4:3).
We thereforehave thefollowing boundsonthe MPT:
(M ST + bottleneckcostin M ST) MPT 2M ST (26)

V. TOPOLOGY CONSTRUCTION AND IMPROVEMENT
HEURISTICS

We rst describea simpleheuristicalgorithmfor construct-
ing the minimum power topology The algorithm is similar
to Kruskal's algorithmfor the Minimum SpanningTree prob-
lem, with two salientdifferences. First, unlike Kruskal's al-
gorithm which minimizesthe sum of edgeweights,our algo-
rithm attemptsto minimize the nodeweights,the weight of a
nodebeing de ned asthe maximumweight of the edgeinci-
dentonit. SecondwhereasKruskal's algorithmchooseshe
minimum weight edgeat every iterationfrom the sameset of
edgeweights, our algorithm implementsan incrementalcost
medanismto identify the edgeto be chosenat ary iteratior?.
Beforedescribinghealgorithmin moredetail,we establistthe
following notation:

k =iterationnumber
Y*X =N S matrixof node-sectopowersafteriterationk
=N N sectomatrix

Theli; j Jth elementof
is locatedw.r.t nodei.
Weillustratethe incrementaktostmechanisnwith anexam-
ple. In Figure5, assumehatnodes2, 3, 4 and5 arelocatedin
sectorl w.r.t nodel andnodesb, 2, 3and1 arelocatedn sector
3w.r.t node4. Sincenodel is currentlymaintainingbidirected
edgeswith nodes2 and 3, the transmitpower level of its sec-
tor 1 antennais givenby: Y 1.1 = max(P12;P13) = Paa.
Similarly, since node 4 is currently maintaininga bidirected
edgewith 5, the transmitpower level of its sector3 antenna
is givenby: Y 4.3 = Pys. Theincrementalcostof choosing
theedge(1 $ 4) is de ned astheincrementatransmitpower
supportrequiredatnodel's sectorl antennat+ theincremental
transmitpower supportrequiredat node4's sector3 antenna=
(P14 Y1)+ (Psa1  Yas). Ingeneralthe incremental
costof choosinganedge(i $ j) atiterationk, IC(i $ j),is

speci esthe sectorin which nodej

3Theincrementakostcriterion was proposedy Wieselthieretal [9] in the
context of broadcast/multicagbutingin wirelessnetworks.

de ned asthe sumof theincrementapower supportsequired
atnodes andj, denotedby | C(i) andI C(j).

IC(Ii$ j)=IC()+1C()

Y )+ max(0;Pj;

(27)
= max(0; P;; Yit)
Fork = 1, thealgorithmchooseghe minimumweightedgein
E. Fork 2, theedgewhichincursthe minimumincremental
costis selectedrom the setof edgeswhich have not yet been
selectedsuchthatit doesnotform acycle with the setof edges
alreadyselected.Ties, if ary, arebroken arbitrarily. Suppose
that the minimum incrementalcostedgeat ary iterationk is
(m $ n). The node-sectopower matrix is then updatedas
follows:

8

< max(YK L Pmn); if(i;s)= (M o)
YE = max(YK LPum); (8= (0 )

Covk L otherwise

(28)

The algorithmterminatesafterN 1 iterations. A high level
descriptiort of thealgorithmis providedin Figure6.

1. Setk = 0;
2. Initialize the setof feasibleedgesE (seeeqns.6 and25);
3. Initialize Y ° = 0.
4. Initialize thetopology: T = ;;
5.Incremenk = k + 1;
6.while (k N 1)
Selectthe edgefrom E which incursthe minimumincremental
cost(27) andwhich doesnot form a cycle with the setof edges
choserpreviously.
Supposehattheedgechosernis (m $ n)
T fT[ (Mm$ n)g/FAdd(m$ n)toT ¥
E En(m$ n);/* Remweedge(m $ n)fromE*/
UpdateY ¥ asin (28).
Incremenk = k + 1;
end while

P
5. Costof theminimumpower topology T, is equalto YLt

Fig. 6. High level descriptionof an heuristicalgorithmfor solving the mini-
mum power topologyproblemwith sectorecantennasThe algorithmassumes
theexistenceof a spanningreein theunderlyinggraph.

A. Brandh exchange heuristicfor topolagy improvement

In this section,we describea simple branchexchangeal-
gorithmfor improving the initial topologygeneratedisingthe
above Kruskal-like heuristic. Givenaninitial topology theal-
gorithmtemporarilyremoveseachedgeandcheckswvhetherthe
two subtreesreatedby the edgeremoval operationcanbe bet-
ter reconnectedisinga replacemenedge. If so,theinputtree
is modi ed andthe branchexchangeheuristicis appliedon the
modi ed tree. This procedurds repeateduntil no furtherim-
provementis possible.We illustratethe heuristicusingan ex-
ample.

4Note that Figure 6 doesnot provide ary implementationdetails. Readers
canconsultary standardextbook on graphalgorithmsfor an ef®cientimple-
mentationof Kruskal's algorithm.
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Fig. 7. (a)Initial topology Thennodepower vectoris shavn in (30). Thecostof theinitial topologyis 22.6.(b) Edge(5 $ 7) removed. Thetwo subtreesre:
treeg = f5$% 1;1% 2,2% 4g,treex = f7$ 3;3% 6;6$ 8g. (c) Improvedtree,afterreplacingtheedge(5 $ 7) with (5$ 3). Notethatthe power
level of node3 doesnot changeasa resultof this replacemenbperation sinceit is still dictatedby thebranch(3 $ 6). Similarly, the power level of node5
remainsunchangedinceit is dictatedby thebranch(5 $ 1). However, the costof node7 dropsfrom 2.2, requiredto supporttheedge7 $ 5, to 0.8, whichis
necessaryo supportheedge(7 $ 3). Thecostof theimprovedtopologyis 21.2,1.4 unitslessthantheinitial topology

Considerthe 8-nodenetwork and the initial topology (ob-
tainedusingthe above Kruskal-like heuristic)shavn in Figure
7(a). Assumefor simplicity that all nodesare provided with
omnidirectionabntennas.

The power matrix of the network is:

2 3
0:6 31
0:6 2:4
30 43 08 44
2:4
P = 31 3:0 2:2 (29)

4:3 0:8
0:8 2:2
4:4 0:8

The node-sectopower matrix, correspondingo the initial so-
lution is therefore:

Y = [3:1; 2:4; 4:3; 2.4; 3.1; 4:3; 2:2; 0:8]O (30)
where?is the transposeperator The costof theinitial topol-
ogyis 22.6.

Next, supposeave wish to checkwhethertheedge(5 $ 7)
canbereplacedwith a betteredge. The two subtreesbtained
afterits removal is shawvn in Figure7(b). In generallet tr eg
andtr ee, bethetwo subtreesreatedafter removing the edge
(m $ n) from theinitial tree,suchthatm 2 tree; andn 2
tree,. The setof potentialreplacementdges,rep.edees is
thengivenby:

repedges=f(i$ j):(i$j)6(mM$ n);(i$ j)2E
i21tree;j 2 treeg (31)

whereE is theinitial edgelist, asde ned in (6). For our ex-
ample thetwo subtreesre:treg; = f5$ 1;1$ 2,2$ 4g
andtree, = f7$ 3;3% 6;6$% 8g. Usingthe power ma-
trix (29),it canbeeasilyveri ed thatthereis only onepotential
replacemenedge,(5$ 3), andhencerepedges= f5$ 3g.

To verify whetherbranchexchangevouldimprovetheinitial
topology we carryoutthefollowing sequencef operationgor
eachedgein theinitial tree,denotecby thevariabletr ee
Stepl: Createatemporaryariable,Y *™P andsetit equalto
Y , thenode-sectopower matrix of theinitial tree.

Step2: Remwetheedge(m $ n) fromtr eeandupdatey P
asfollows:

Yo = max(Pme : k2 fne(m; mn)nng;
(m$ k)2tree (32)
Y™ = max(Pu : k2 fne(n; om)nmg;
(n$ k) 2tree (33)

Y o™ issetto0in (32)if thesetf ne(m; mn )NNgisempty
Similarly, Y 7™ is setto 0 in (33)if fne(n; nm) nmgis
empty Recallthat ne(i; s) is the setof neighborsof nodei
which arelocatedwithin the samesector s, w.r.t nodei.
Step3: Fromall edgesn thesetrep.edges nd thesmallesin-
crementatostedge.As in (27),theincrementatostof adding
edge(i $ j) 2 rep.edgesis givenby:
max (0; Pjj Y}f’“ﬂ? ) + max(0; P Y;Emjpi) (34)
Stepd: Let(i $ j) bethesmallestincrementatostedgefrom
step-3.Theadditionalcostinvolved(if ary) in addingtheedge
(i$ j)isre ectedthroughthefollowing two updates:
YT
temp
Yi' ji

= max(Pi,- ;Yit;em”p )

max(Pji;thfmjpi)

(35)
(36)

Step5: If thesumof theelementof Y *™P attheendof step3
is lessthanthesumof theelementof Y , animprovedsolution
hasbeenfound. Theinitial treeis thenmodi ed andtheabove
stepsarerepeatecbnthenew tree.

tree:=treen(m$ n) (37)
tree:=tree[ (iI$ j) (38)
Y = ytemp (39)

Following the above stepsfor our example we have:

Stepl: Y *®MP = [3:1; 2:4; 4:3; 2:4; 3:1; 4:3; 2:2; 0:8]0.
Step2: Remove theedge(5 $ 7). Given our assumptiorof
omnidirectionalantennasthe setf ne(m; mn) Nnng (seeeqgn.
32),wherem = 5andn = 7,isequaltof1;7gn7 = 1. Since
theedge(5 $ 1) belongsto theinitial tree,we setY &1° :=
max(Ps.1) = 3:1. Note thatthe power level of node5 does
not changefrom step1 sinceit is dictatedby the costof the



higherweight edgeincidentto it, (5 $ 1). Similarly, the set

fne(n; nm)nng(seeegn.33)isequaltof3;5gn5=3. The
correspondingipdateis: Y 51 := max(P73) = 0:8. The

node-sectopower matrix atthe endof this stepis:
Y M = [3:1; 2:4; 4:3; 2:4; 3:1; 4:3; 0:8; 0:8]T

Step3: It canbe easilyveri ed thatthereis only onereplace-
mentedge,(5$ 3).

Step4: Add the edge(5 $ 3). Using (35) and (36), the
updatesat this stepare: Y £1° = max(Pss3;Yegq") =
max(3:0;3:1) = 3LandY5]® = max(Pas; Ysi©) =
max(3:0; 4:3) = 4:3. Thepowerlevelsof nodess and3 do not
changdrom step2 sincethey aredictatedby thecostof higher
weight edgesincidentto them,(5 $ 1) and(3 $ 6). The
node-sectopower matrix atthe endof this stepis therefore:

Y MR = [3:1; 2:4; 4:3; 2:4; 3:1; 4:3; 0:8; 0:8]T

The costof the improvedtopologyis 21.2,1.4 units lessthan
theinitial topology Theimprovedtreeis shavnin Figure7(c).
Sinceanimprovementhasbeenfound, the improvementalgo-
rithm is repeatedn the new topology

We saw in our above examplethat addingthe replacement
edge(5 $ 3) atstep3 did notincur ary additionalcost. Sim-
ilarly, removing an edgefrom the initial topology may not re-
ducethetopologycost.Speci cally, removingtheedge(i $ j)
would not reducethe costif the power levels of the endnodes
in the initial topology are greaterthan the power requiredto
supportthelink, or, if Y; , > Py andY; ,, > Pj;. Con-
sequentlythe edge(i $ j) neednot be consideredor re-
moval/replacemenduringtheimprovementphase.

VI. SIMULATION RESULTS

We have conductedhpreliminarystudyof theperformancef
theoptimalandheuristicmethodsn 15, 20,30,40and50-node
networkswith 3-sectormantenna¢S = 3). In eachcase 100net-
workswererandomlygenerate@ndtopologycostswereaver
agedto obtainthe meancost.~ ' waschosento be equalto 4
for all cases.The commerciallyavailablelinear programming
solver, LINDO [10], which usesa LP-basediranchandbrand
algorithmto solve MILP problems,was usedto computethe
optimalsolutions. Theparametely;® wassetexperimentally
suchthatthe averagenodedegreewasin the range4-6 for all
N . Finally, thenormalized-esiduabatterycapacityof all nodes
waschoserto beequalto 1, i:e:, Ci (t) = 1;8i.

Our performancemeasuredor comparingthe optimal and
heuristic solutions are the mean (PM;) and the maximum
(PM,) of thepercentageelative normalizederroror:

Yithgur) " Yi(opy
I iYi(Opt)

Tablesl and |l provide a statisticalsummaryof the simula-
tion results, without and with the branchexchangetopology
improvementalgorithm. From Tablel, it canbe seenthatthe
topologyconstructiomalgorithm providesreasonabhgoodso-
lutions, within 2.3% of the optimalin all cases.With theim-
provementalgorithm,theheuristicsolutionsarewithin 1.4%of
the optimal. Moreover, the heuristicsolutionsappearo more
closelyapproximatehe optimalwith increasing\ .

100

TABLE |
Comparisorof optimalandheuristicsolutions withoutimprovement.

N | PMi | PM,
15| 2.29 | 11.26
20| 2.04 | 6.09
30| 2.01 | 6.01
40| 147 | 3.21
50| 1.23 | 3.19
TABLE I
Comparisorof optimalandheuristicsolutions with improvement.
N | PM; | PM,
15| 1.34 | 10.48
20| 0.76 | 5.87
30| 0.74 | 4.73
40| 0.69 | 2.11
50| 0.53 | 2.02
VI1l. CONCLUSION

In this paper we consideredhe problemof minimumpower
bidirectionaltopology optimizationin wirelessnetworks with
sectoredantennas.First, we developeda mixed integer linear
programmingmnodelfor optimalsolutionof the problem.Next,
we discussedtheuristicalgorithmsfor topologyconstructiorand
improvement.The constructiorheuristicis basedon Kruskal's
MST algorithm. Simulationresultscon rm that good results
canbeobtainedusingthe heuristicsandin verylittle computa-
tion time.
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