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Abstract— We consider the problem of minimum power bidi-
rectional topologyoptimization in wir elessnetworks with sectored
antennas. We �rst develop a mixed integer linear programming
model for optimal solution of the problem with sectored anten-
nas. Subsequently, we discussa centralized heuristic algorithm
which is basedon Kruskal' salgorithm for the minimum spanning
tr eeproblem. However, unlik eKruskal' salgorithm which chooses
minimum costedgesfr om a setof edgeweights,our algorithm uses
an incrementalcostmechanismto selectedges.This incremental
cost mechanismis motivated by the inherently broadcastnature
of the wir elessmedium. Wealsodiscussa simplebranch exchange
heuristic which can be usedto impr ove the topology generatedby
the Kruskal-lik e algorithm. Simulation results indicate that rea-
sonablygoodsolutionscanbeobtainedusing the proposedheuris-
tic algorithms.

I . INTRODUCTION

We considerthe problemof minimum transmitpower bidi-
rectionaltopology in multihop wirelessnetworks whereindi-
vidual nodesaretypically equippedwith limited capacitybat-
teries and thereforehave a restrictedcommunicationradius.
Topology control is one of the most fundamentaland criti-
cal issuesin multihop wirelessnetworks which directly af-
fect thenetwork performance.In wirelessnetworks, topology
control essentiallyinvolveschoosingthe right setof transmit-
ter powersto maintainadequatenetwork connectivity. Incor-
rectlydesignedtopologiescanleadto higherend-to-enddelays
and reducedthroughputin error-pronechannels. In energy-
constrainednetworks wherereplacementor periodic mainte-
nanceof nodebatteriesis not feasible,theissueis all themore
critical sinceit directly impactsthenetwork lifetime.

In a seminalpaperon topologycontrolusingtransmitpower
controlin wirelessnetworks,RamanathanandRosales-Hain[1]
approachedthe problemfrom an optimizationviewpoint and
showed that a network topology which minimizes the max-
imum transmitterpower allocatedto any node can be con-
structedin polynomialtime. This is a critical criterion in bat-
tle�eld applicationssinceusing higher transmitterpower in-
creasesthe probability of detectionby enemyradar. In this
paper, we attemptto solve theminimumpower topologyprob-
lem in wirelessnetworks with sectoredantennas.Minimizing
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the total transmitpower hasthe effect of limiting the total in-
terferencepower in thenetwork. It hasbeenshown in [2] that
this problemis NP-completefor thespecialcaseof omnidirec-
tional (or, singlesector)antennas.Relatedwork in theareaof
minimumpower topologyconstructioninclude[3], [4] and[5],
all of which proposedistributedalgorithms. Speci�cally, [3]
proposesa cone-baseddistributedalgorithmwhich reliesonly
onangle-of-arrival estimatesto establisha poweref�cient con-
nectedtopology. Huangetal [4] describeadistributedprotocol
which is designedfor sectoredantennasystems.The work in
[5] explorestheuseof relativeneighborhoodgraphs(RNG) for
topologycontrolandsuggestsanalgorithmfor distributedcom-
putationof theRNG. In this paper, we approachthe topology
designproblemfrom an optimizationviewpoint andfocuson
centralizedsolution methods. The optimal solution method,
in particular, is intendedfor benchmarkingthe performance
of other heuristicsor for of�ine computationin caseswhere
planneddeploymentof thenetwork is possible.

We�rst developamixedintegerlinearprogramming(MILP)
modelfor optimalsolutionof theminimumpowerbidirectional
topologyproblemwith sectoredantennas.The formulationis
�o w-basedandhasa polynomialnumberof constraints,unlike
the modelproposedin [6] which usesan exponentialnumber
of constraints.Subsequently, we discussa heuristicalgorithm
which is basedon Kruskal's algorithm [7] for the minimum
spanningtreeproblem. However, unlike Kruskal's algorithm
whichchoosesminimumcostedgesfrom asetof edgeweights,
our algorithm usesan incrementalcost mechanismto select
edges. This incrementalcost mechanismis motivatedby the
inherentlybroadcastnatureof the wirelessmedium. We also
discussa simplebranchexchangeheuristicwhich canbeused
to improvethetopologygeneratedusingtheKruskal-likealgo-
rithm.

Therestof thepaperis organizedasfollows. In SectionII,
wedescribethenetwork modelandoutlineourassumptions.In
SectionIII, we formally de�ne theproblemandin SectionIV,
wedeveloptheMILP modelfor solvingtheproblemoptimally.
SectionV explainstheheuristicalgorithms.Finally, simulation
resultsarepresentedin SectionVI.

I I . NETWORK MODEL

We considera staticN -nodenetwork andall nodesareas-
sumedto have S-sectorantennas.Thenumberof sectors,S, is
relatedto thebeamwidth,� (in degrees),asfollows:

S = 360=� (1)



Note that � = 360 () S = 1) correspondsto an omnidirec-
tionalantenna.

We make several simplifying assumptionson the antenna
properties.Thesearelistedbelow:

� Eachsectoris assumedto spanthe angularregion [(s �
1)360=� ; (s)360=� ] in the2-D plane,where1 � s � S is
thesectornumber.

� We ignoresidelobeeffectsandassumethat whensector
s is switchedon, 100%of theradiatedpower is con�ned
within that sector, providing an uniform gain within the
angularregionspannedby thesector.

� We considerantennaswith 100%ef�ciency. That is, we
ignoreany antennapower losses.

Following our simplifying assumptions,the transmitterpower
at i necessaryto supportthe link (i ! j ), P ij , canbewritten
to beproportional(accountingfor link/antennagainsandother
factors)to d�

ij =S, wheredij is theEuclideandistancebetween
nodesi andj . If (x i ; yi ) arethe coordinatesof nodei and�
(typically in therange2 � � � 4) is thechannellossexponent,
dij is givenby:

dij =
�
(x i � x j )2 + (yi � yj )2

� 1=2
(2)

Without any lossof generality, we settheproportionalitycon-
stantto beequalto 1 andtherefore:

P ij = d�
ij =S (3)

Finally, we addressonly thetransmitpower costsin this paper
andignoreany receptionpowercostsduringthetopologysetup
phase. We plan to addressthis issuesin future, in a broader
context of K -connectivity, asopposedto simple connectivity
assumedin this paper.

I I I . PROBLEM STATEMENT

Let Y bea vectorof nodetransmissionpowers,theelement
Yi representingthetotal transmissionpowercostof nodei . For
anS-sectorantenna,Yi canbewrittenas:

Yi =
SX

s=1

Yi;s (4)

whereYi;s is thetransmissionpowercostcorrespondingto sec-
tor s of nodei . We assumethateachnodehasa constrainton
themaximumtransmitterpower it canuseper sector, denoted
by Y max

i;s . Thatis:

0 � Yi;s � Y max
i;s : 8i 2 N ; 1 � s � S (5)

whereN is thesetof all nodesin thenetwork andjN j = N .
Also, let E thesetof all bidirectededges1. Let thecardinality

of the setbe E; i:e:, E = jEj. Using the transmitterpower
constraint,thesetof all bidirectionaledgesin thenetwork, E,
is givenby:

E = f (i $ j ) : (i; j ) 2 N ; i 6= j; P ij � Y max
i;s ; P j i � Y max

j;s g
(6)

1 In this paper, the notation(i $ j ) is usedto denotea bidirectionallink
betweennodesi andj while a directedlink from i to j is representedby (i !
j ). Thenotation(i; j ) is usedto referto thenodepair.

 

E 

D 

F 

C B 

A 

Sector 1 

Sector 2 

Sector 3 

Fig. 1. Illustrating link supportwith a 3-sectorantenna.NodesC, D and
E arelocatedin the samesector, w.r.t A , D beingthe farthest. Existenceof
the link A ! D implies the existenceof links A ! C andA ! E . The
total transmissioncostof nodeA is: YA = YA; 1 + YA; 3 , whereYA; 1 =
max (P AC ; P AD ; P AE ) = P AD andYA; 3 = P AB . Sincesector2 is not
used,YA; 2 = 0.

Thethird andfourthconditionsontheright handsideof (6) en-
forcethebidirectionalityof edgesdependingon themaximum
sectorpower constraint2. For the sake of simplicity, we will,
with a slight abuseof notation,alsousethesetE to referto all
directededges,f i ! j g, in thegraph.

(i $ j ) 2 E ) (i ! j ) 2 E and(j ! i ) 2 E (7)

In a wirelessnetwork with sectoredantennas,theexistenceof
a link from nodei to nodej alsoimpliestheexistenceof links
from i to all nodeswhich aregeometricallycloserto i thanj
andarelocatedin thesamesectorasj , with respectto i . For
example,in Figure1, nodesC, D andE areall locatedin the
samesectorw.r.t nodeA, nodeD beingthefarthest.Existence
of thelink A ! D thereforeimpliestheexistenceof links A !
C andA ! E . Thetotaltransmitpowercostof nodeA is YA =
YA; 1 + YA; 3, whereYA; 1 = max(P AC ; PAD ; PAE ) = PAD

andYA; 3 = PAB . Sincesector2 is notused,YA; 2 = 0.
The objective function for the minimum power topological

optimizationproblemis:

minimiz e

 
NX

i =1

Yi

!

= minimiz e

 
NX

i =1

SX

s=1

Yi;s

!

(8)

Note that insteadof minimizing the total transmitpower, we
couldalsominimizetheper-nodemaximumtransmitterpower:

minimiz e

 

max

(
SX

s=1

Yi;s : 1 � i � N

)!

(9)

or theper-sectormaximumtransmitterpower:

minimiz e(maxf Yi;s : 1 � i � N ; 1 � s � Sg) (10)

Theobjectivefunctions(9) and(10)areequivalentfor networks
with omnidirectionalantennas(i:e:, S = 1). It hasbeenshown
byRamanathanandRosales-Hain[1] thattheobjectivefunction
in (9) canbesolvedoptimally in polynomialtime for anomni-
directionalantennasystem. The algorithmproposedby them
is alsoapplicableto thesectoredantennacase,if (3) is usedto

2Note that, while the network may have unidirectionaledges(e:g:, due to
uneventransmitterpower constraints),we restrictthesetof candidateedgesto
thebidirectionalonesonly.



computeedgecosts.However, it hasbeenshown by Clementi
et al [2] that the objective function in (8) is NP-completefor
S = 1. Consequently, it canbe inferredthat the generalS-
sectoroptimizationproblemis NP-completetoo.

Finally, wewouldliketo pointoutthatfor energyconstrained
networks,it is desirablethatthenetwork topologybeoptimized
takinginto accountbatteryresidualcapacities.This canbeac-
complishedby rede�ning P ij asfollows:

P ij = C � �
i (t) (d�

ij =S) (11)

whereCi (t) is thenormalizedbatteryresidualcapacityof node
i at time t (0 � Ci (t) � 1) and� is a scalingfactor, � � 1.

IV. MILP MODEL

Let f Fij : 8(i ! j ) 2 Eg be a setof �o w variables(Fij

representsthe�o w from nodei to nodej ), with E de�ned asin
(6). Note that the �o w variablescorrespondto directededges
andthereforejf Fij gj = 2E. The bidirectionaltopologyopti-
mizationproblemcanbeinterpretedasasingle-originmultiple-
destinationuncapacitated�o w problem,thenumberof destina-
tionsbeingequalto N � 1 (i:e:, all nodesotherthanthesource).
In �o w problems,thereis usuallyanidenti�ed sourcenodeand
a commodityneedsto be routedfrom that sourceto thedesti-
nationnodes. In topologicaloptimizationproblems,however,
there's no identi�ed sourcenode.As we will seelater, our as-
sumptionof bidirectionallinks allowsusto arbitrarilydesignate
a sourcenodewithout violating theoptimality of thesolution.
Consequently, let usdesignatenode1 asthesourceandall other
nodesf 2, 3, � � � N g as the destinations.The corresponding
�o w problemthereforeinvolvesroutingD unitsof supplyfrom
node1 (which hasno demand)to all othernodeswhich have
oneunit of demandeach(andno supply). Thesesupplyand
demandconstraintscanbe straightforwardly expressedas the
following �ow conservationequations(seefor example[8]):

NX

j =2

F1j = N � 1; (1 ! j ) 2 E (12)

NX

j =2

Fj 1 = 0; (j ! 1) 2 E (13)

NX

j =1

Fj i �
NX

j =1

Fij = 1; 8i 2 fN n 1g; (i ! j ) 2 E (14)

Let usnow de�ne asetof indicatorvariablesf X ij : (i ! j ) 2
Eg suchthatX ij = 1 if Fij � 1. Thesetof constraintswhich
couplethe�o w variablesandtheX ij variablesis:

(N � 1) � X ij � Fij � 0; 8(i ! j ) 2 E (15)

For example,giventhe �o w solutionin Figure2(b), thestatus
of theX ij variablesareX 12 = X 15 = X 23 = X 24 = X 56 = 1,
therestbeingequalto 0. Thecoef�cient of X ij in (15) is dueto
thefactthatthemaximum�o w outof any nodeonasinglelink
is equalto N � 1. Note that thesmallestintegervalueof X ij

which satis�es(15) for any nonzero�o w out of nodei (i:e:, ifP
j X ij � 1) is 1.
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Fig. 2. (a) Optimalminimumpower topology. (b) Flow solutionwith node1
asthesource.(c) Flow solutionwith node3 asthesource.

Finally, wehaveto relatetheindicatorvariablesto thepower
variables,f Yi;s g. To doso,we �rst de�ne ne(i; s) to betheset
of neighborsof nodei which arewithin radio rangeof i and
arelocatedwithin thesamesector, s, w.r.t nodei . For example,
in Figure 1, ne(A; 1) = f C; E ; Dg, ne(A; 2) = f F g and
ne(A; 3) = f B g. Next, we note that the transmitpower of
both nodesi and j must be adequatein order to supportthe
bidirectionallink (i $ j ). For example,if P ij = P j i = P, the
transmitpowersof both i andj mustbeequalto P to support
the link (i $ j ). In otherwords, the transmitpower costof
nodei is affectednot only by the statusof the links outgoing
from i , but alsoby the links incident to i . Consequently, the
powervariableYi;s canbewrittenas:

Yi;s = maxj f X ij P ij ; X j i P j i : j 2 ne(i; s)g

Alternately, bidirectionalitycanbeachievedby imposingcon-
straintson thesymmetricityof theindicatorvariables:

X ij � X j i = 0; 8(i ! j ) 2 E (16)

With (16) in place,Yi;s canbeexpressedas:

Yi;s = maxj f X ij P ij : j 2 ne(i; s)g

or, equivalently,

Yi;s � X ij P ij � 0; 8i; j 2 ne(i; s); s = 1; 2; � � � S (17)

We now show that de�ning Yi;s as above makes the optimal
solution invariant to the choice of the sourcenode in the
�o w-balanceequations(seeeqns. 12, 13 and 14). Consider
the optimal topology shown in Figure 2(a). For simplicity,
we assumethat all nodeshave omnidirectionalantennas,i:e:,
S = 1 in (3). AssumeP 15 = P 51 = 1, P 12 = P 21 = 6,
P23 = P 32 = 3, P 24 = P 42 = 4 and P 56 = P 65 = 5.
Figures2(b) and 2(c) show the statusof the �o w variables



for different choicesof the sourcenode. The X ij variables
correspondingto the �o w solutions in Figures 2(b) and
2(c) are X 12 = X 15 = X 23 = X 24 = X 56 = 1 and
X 32 = X 24 = X 21 = X 15 = X 56 = 1. Note that, despite
being a leaf in the �o w tree in Figure 2(b), the transmit
power cost of node3 is equalto maxf X 23P23; X 32P32g =
X 23P23 = 3, identical to that in Figure 2(c). Simi-
larly, the cost of node 2 in both �gures is equal to
maxf X 23P23; X 24P24; X 21P21; X 32P32; X 42P42; X 12P12g
= 6. It caneasilybeveri�ed thatthecostof othernodesarethe
samein Figures2(b) and2(c).

The�nal setof constraintsexpresstheintegrality of theX ij

variablesandnon-negativity of theFij andYi;s variables.

X ij � 0; integer; 8(i ! j ) 2 E (18)

Fij � 0; 8(i ! j ) 2 E (19)

Yi;s � 0; 8i 2 N ; s = 1; 2; � � � S (20)

Note thatanupperboundon Yi;s is not requiredsinceit is al-
readyaccountedfor in de�ning thesetof valid edges(6). The
numberof integervariablesin theMILP modelis equalto 2E
while thenumberof continuousvariablesis equalto 2E + SN .
The numberof constraintsis approximatelyon the order of
2E + N (1 + 2S).

A. Additionalconstraints

While theconstraintsdiscussedabove adequatelymodelthe
minimum power topologyproblem,experimentalresultssug-
gestthat the solution time is greatly reduced(by as much as
one-fourth)if themodelis augmentedwith thefollowing addi-
tional constraints,all of which rely on thesymmetricnatureof
theindicatormatrix (16).

� The numberof active indicatorvariablesshouldbe equal
to 2(N � 1).

X

i

X

j

X ij = 2(N � 1); 8(i ! j ) 2 E (21)

� Eachnodemustbeconnectedto at leastoneothernode.
X

j

X ij � 1; 8(i ! j ) 2 E (22)

X

j

X j i � 1; 8(j ! i ) 2 E (23)

� For eachnodei , theremustbe at leastoneoutgoinglink
from its neighborsto thesetof all othernodesexcludingi .
Thisconditionis necessaryfor network connectivity.

X

j

X

k

X j k � 1; (j ! k) 2 E; j 2 [ sne(i; s);

k 2 N n f i; [ sne(i; s)g; 8i (24)

B. Dealingwith per-sectormaximumpowerconstraint

Minimizing the total transmitpower hasthe effect of lim-
iting the total interferencepower in the network. Minimiz-
ing the maximumtransmitpower, on the otherhand,is espe-
cially critical in military applicationssinceit is directly related
to the probability of interception/detection.As mentionedin
Section III, thelattercriterioncanbesolvedoptimally in poly-
nomial time [1]. Unlike a minimumspanningtree,which also

Fig. 3. (a) Optimal topologyminimizing themaximumtransmitpower. The
total transmitpower is 1.61andthemaximumpower is 0.41,at nodes5 and8.
(b) Optimal topologyminimizing the total transmitpower. The total transmit
power is 1.50andthemaximumpower is 0.43,atnodes4 and5.

Fig. 4. Illustratingupperandlower boundsof the MPT, w.r.t the MST. The
numbersabove theedgesrepresentP ij 's. (a)Costof MPT = 2, which is twice
thecostof theMST. (b) Costof MST = 6, costof MPT = 1 + max(1,5)+ 5 =
11, which is equalto thecostof theMST plus thecostof thebottleneckedge
in theMST.

minimizesthemaximumedgeweight,aminimumpowertopol-
ogy(MPT) maynotminimizethemaximumtransmitpower, as
illustratedin Figure 3. Consequently, we may want to solve
theMPT problemsubjectto a constrainton themaximumper-
sectortransmitpower. Let Ŷ be the optimal per-sectormaxi-
mumtransmitpower obtainedaftersolvingtheminimaxprob-
lem. Rede�ningthesetof valid edgesas:

E = f (i $ j ) : (i; j ) 2 N ; i 6= j; P ij � Ŷ ; P j i � Ŷ g (25)

in place of (6) and solving the MILP models will yield a
constrainedminimumpower topologysuchthat theper-sector
transmitpowerof all nodesis notgreaterthanŶ .

C. Upperandlowerboundson theoptimalsolution

Sincebidirectionalityof a link in a minimum power topol-
ogy affectsthetransmitpower level of both its endnodes,it is
easyto seethatits maximumcostis boundedby 2M ST, where
M ST is thecostof theminimumspanningtree.In otherwords,
onecouldtake theminimumspanningtree,replaceeachundi-
rectededgeby two directededgesandevaluateit onaper-node
per-sectorbasisusing(17). Doing so canat mostdoublethe
costof the MST, asshown in Figure4(a) for a trivial 2-node
network. On the other hand,sincethe cost of a nodein the
MPT problemis thecostof themaximumweightedgeincident
to it, it is possibleto constructaminimumpowertopologyfrom
anMST suchthatall edgesin theMST areaccountedfor only
oncein theMPT, exceptfor thebottleneckedge(de�ned asthe
maximumcostedgein theMST) which mustbeaccountedfor
twice. Consider, for example,the MST in Figure4(b), which
hasa costof 6. Evaluatedaccordingto the MPT criterion, it
canbe seenthat the power cost of nodesA, B andC are 1,
max(1,5)and5 respectively. Thecostof theM PT is therefore
equalto 11.
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Fig. 5. Illustratingtheconceptof incrementalcostof choosinganedge.As-
sumethat nodes2, 3, 4 and5 are locatedin sector1 w.r.t node1 andnodes
5, 2, 3 and1 arelocatedin sector3 w.r.t node4. Sincenode1 is maintaining
bidirectededgeswith 2 and3, the transmitpower requiredat its sector1 an-
tennais givenby: Y 1;1 = max (P 12 ; P 13 ) = P 12 . Similarly, sincenode4
is currentlymaintainingabidirectededgewith 5, thetransmitpower level of its
sector3 antennais givenby: Y 4;3 = P 45 . Theincrementalcostof choosing
theedge(1 $ 4) is de®nedastheincrementaltransmitpowersupportrequired
atnode1'ssector1 antenna+ theincrementaltransmitpowersupportrequired
atnode4'ssector3 antenna= max (0; P 1;4 � Y 1;1 ) + max (0; P 4;1 � Y 4;3 ).

We thereforehavethefollowing boundson theMPT:

(M ST + bottleneckcostin M ST) � M PT � 2M ST (26)

V. TOPOLOGY CONSTRUCTION AND IMPROVEMENT

HEURISTICS

We �rst describea simpleheuristicalgorithmfor construct-
ing the minimum power topology. The algorithm is similar
to Kruskal's algorithmfor the Minimum SpanningTreeprob-
lem, with two salientdifferences. First, unlike Kruskal's al-
gorithm which minimizesthe sumof edgeweights,our algo-
rithm attemptsto minimize the nodeweights,the weight of a
nodebeingde�ned as the maximumweight of the edgeinci-
denton it. Second,whereasKruskal's algorithmchoosesthe
minimum weight edgeat every iterationfrom the samesetof
edgeweights,our algorithm implementsan incrementalcost
mechanismto identify theedgeto be chosenat any iteration3.
Beforedescribingthealgorithmin moredetail,weestablishthe
following notation:

k = iterationnumber
Y k = N � S matrix of node-sectorpowersafteriterationk
� = N � N sectormatrix

The [i; j ]th elementof � speci�esthesectorin which nodej
is locatedw.r.t nodei .

We illustratetheincrementalcostmechanismwith anexam-
ple. In Figure5, assumethatnodes2, 3, 4 and5 arelocatedin
sector1 w.r.t node1 andnodes5,2, 3 and1 arelocatedin sector
3 w.r.t node4. Sincenode1 is currentlymaintainingbidirected
edgeswith nodes2 and3, the transmitpower level of its sec-
tor 1 antennais given by: Y 1;1 = max(P 12; P13) = P 12.
Similarly, sincenode4 is currently maintaininga bidirected
edgewith 5, the transmitpower level of its sector3 antenna
is given by: Y 4;3 = P 45. The incrementalcostof choosing
theedge(1 $ 4) is de�ned asthe incrementaltransmitpower
supportrequiredatnode1'ssector1 antenna+ theincremental
transmitpower supportrequiredat node4's sector3 antenna=
(P1;4 � Y 1;1) + (P 4;1 � Y 4;3). In general,the incremental
costof choosinganedge(i $ j ) at iterationk, I C(i $ j ), is

3Theincrementalcostcriterionwasproposedby Wieselthieret al [9] in the
context of broadcast/multicastroutingin wirelessnetworks.

de�ned asthesumof the incrementalpower supportsrequired
atnodesi andj , denotedby I C(i ) andI C(j ).

I C(i $ j ) = I C(i ) + I C(j ) (27)

= max(0; P ij � Y k � 1
i; � ij

) + max(0; P j i � Y k � 1
j; � j i

)

For k = 1, thealgorithmchoosestheminimumweightedgein
E. For k � 2, theedgewhich incurstheminimumincremental
costis selectedfrom thesetof edgeswhich have not yet been
selected,suchthatit doesnot form acyclewith thesetof edges
alreadyselected.Ties, if any, arebroken arbitrarily. Suppose
that the minimum incrementalcost edgeat any iterationk is
(m $ n). The node-sectorpower matrix is thenupdatedas
follows:

Y k
is :=

8
<

:

max(Y k � 1
is ; Pmn ); if (i; s) = (m; � mn )

max(Y k � 1
is ; Pnm ); if (i; s) = (n; � nm )

Y k � 1
is ; otherwise

(28)

The algorithmterminatesafter N � 1 iterations.A high level
description4 of thealgorithmis providedin Figure6.

1. Setk = 0;
2. Initialize thesetof feasibleedges,E (seeeqns.6 and25);
3. Initialize Y 0 = 0.
4. Initialize thetopology:T = ; ;
5. Incrementk = k + 1;
6. while (k � N � 1)

� Selecttheedgefrom E which incurstheminimumincremental
cost(27)andwhichdoesnot form a cyclewith thesetof edges
chosenpreviously.

� Supposethattheedgechosenis (m $ n)
� T  f T [ (m $ n)g /* Add (m $ n) to T */
� E  E n (m $ n); /* Remove edge(m $ n) from E */
� UpdateY k asin (28).
� Incrementk = k + 1;

end while
5. Costof theminimumpower topology, T , is equalto

P
i;s Y t � 1

is .

Fig. 6. High level descriptionof anheuristicalgorithmfor solvingthemini-
mumpower topologyproblemwith sectoredantennas.Thealgorithmassumes
theexistenceof aspanningtreein theunderlyinggraph.

A. Branch exchangeheuristicfor topology improvement

In this section,we describea simple branchexchangeal-
gorithmfor improving the initial topologygeneratedusingthe
above Kruskal-like heuristic.Givenan initial topology, theal-
gorithmtemporarilyremoveseachedgeandcheckswhetherthe
two subtreescreatedby theedgeremoval operationcanbebet-
ter reconnectedusinga replacementedge.If so,the input tree
is modi�ed andthebranchexchangeheuristicis appliedon the
modi�ed tree. This procedureis repeateduntil no further im-
provementis possible.We illustratetheheuristicusingan ex-
ample.

4Note that Figure6 doesnot provide any implementationdetails. Readers
canconsultany standardtextbook on graphalgorithmsfor anef®cient imple-
mentationof Kruskal's algorithm.



Fig. 7. (a) Initial topology. Thenodepower vectoris shown in (30). Thecostof theinitial topologyis 22.6.(b) Edge(5 $ 7) removed.Thetwo subtreesare:
tr ee1 = f 5 $ 1; 1 $ 2; 2 $ 4g, tr ee2 = f 7 $ 3; 3 $ 6; 6 $ 8g. (c) Improvedtree,afterreplacingtheedge(5 $ 7) with (5 $ 3). Notethatthepower
level of node3 doesnot changeasa resultof this replacementoperation,sinceit is still dictatedby the branch(3 $ 6). Similarly, the power level of node5
remainsunchangedsinceit is dictatedby thebranch(5 $ 1). However, thecostof node7 dropsfrom 2.2,requiredto supporttheedge7 $ 5, to 0.8,which is
necessaryto supporttheedge(7 $ 3). Thecostof theimprovedtopologyis 21.2,1.4unitslessthantheinitial topology.

Considerthe 8-nodenetwork and the initial topology (ob-
tainedusingtheabove Kruskal-like heuristic)shown in Figure
7(a). Assumefor simplicity that all nodesareprovided with
omnidirectionalantennas.

Thepowermatrixof thenetwork is:

P =

2

6
6
6
6
6
6
6
6
6
6
4

� 0:6 � � 3:1 � � �
0:6 � � 2:4 � � � �
� � � � 3:0 4:3 0:8 4:4
� 2:4 � � � � � �
3:1 � 3:0 � � � 2:2 �
� � 4:3 � � � � 0:8
� � 0:8 � 2:2 � � �
� � 4:4 � � 0:8 � �

3

7
7
7
7
7
7
7
7
7
7
5

(29)

Thenode-sectorpower matrix, correspondingto the initial so-
lution is therefore:

Y = [3:1; 2:4; 4:3; 2:4; 3:1; 4:3; 2:2; 0:8]0 (30)

where0 is thetransposeoperator. Thecostof the initial topol-
ogy is 22.6.

Next, supposewe wish to checkwhethertheedge(5 $ 7)
canbereplacedwith a betteredge.The two subtreesobtained
after its removal is shown in Figure7(b). In general,let tr ee1

andtr ee2 be the two subtreescreatedafter removing theedge
(m $ n) from the initial tree,suchthat m 2 tr ee1 andn 2
tr ee2. The set of potentialreplacementedges,rep edges, is
thengivenby:

rep edges= f (i $ j ) : (i $ j ) 6= (m $ n); (i $ j ) 2 E;

i 2 tr ee1; j 2 tr ee2g (31)

whereE is the initial edgelist, asde�ned in (6). For our ex-
ample,thetwo subtreesare: tr ee1 = f 5 $ 1; 1 $ 2; 2 $ 4g
andtr ee2 = f 7 $ 3; 3 $ 6; 6 $ 8g. Using thepower ma-
trix (29), it canbeeasilyveri�ed thatthereis only onepotential
replacementedge,(5 $ 3), andhencerep edges= f 5 $ 3g.

To verify whetherbranchexchangewouldimprovetheinitial
topology, wecarryout thefollowing sequenceof operationsfor
eachedgein theinitial tree,denotedby thevariabletr ee:
Step1: Createa temporaryvariable,Y temp , andsetit equalto
Y , thenode-sectorpowermatrix of theinitial tree.

Step2: Removetheedge(m $ n) fromtr eeandupdateY temp

asfollows:

Y temp
m; � mn

:= max(P mk : k 2 f ne(m; � mn ) n ng;

(m $ k) 2 tr ee) (32)

Y temp
n; � nm

:= max(P nk : k 2 f ne(n; � nm ) n mg;

(n $ k) 2 tr ee) (33)

Y temp
m; � mn

is setto 0 in (32) if thesetf ne(m; � mn )nng is empty.
Similarly, Y temp

n; � nm
is set to 0 in (33) if f ne(n; � nm ) n mg is

empty. Recall that ne(i; s) is the set of neighborsof nodei
whicharelocatedwithin thesamesector, s, w.r.t nodei .
Step3: Fromall edgesin thesetrep edges, �nd thesmallestin-
crementalcostedge.As in (27), theincrementalcostof adding
edge(i $ j ) 2 rep edges is givenby:

max(0; P ij � Y temp
i; � ij

) + max(0; P j i � Y temp
j; � j i

) (34)

Step4: Let (i $ j ) bethesmallestincrementalcostedgefrom
step-3.Theadditionalcostinvolved(if any) in addingtheedge
(i $ j ) is re�ectedthroughthefollowing two updates:

Y temp
i; � ij

:= max(P ij ; Y temp
i; � ij

) (35)

Y temp
j; � j i

:= max(P j i ; Y temp
j; � j i

) (36)

Step5: If thesumof theelementsof Y temp at theendof step3
is lessthanthesumof theelementsof Y , animprovedsolution
hasbeenfound. Theinitial treeis thenmodi�ed andtheabove
stepsarerepeatedon thenew tree.

tr ee:= tr een (m $ n) (37)

tr ee:= tr ee[ (i $ j ) (38)

Y := Y temp (39)

Following theabovestepsfor ourexample,wehave:
Step1: Y temp = [3:1; 2:4; 4:3; 2:4; 3:1; 4:3; 2:2; 0:8]0.
Step2: Remove the edge(5 $ 7). Given our assumptionof
omnidirectionalantennas,thesetf ne(m; � mn ) n ng (seeeqn.
32),wherem = 5 andn = 7, is equalto f 1; 7g n 7 = 1. Since
theedge(5 $ 1) belongsto the initial tree,we setY temp

5;1 :=
max(P 5;1) = 3:1. Note that the power level of node5 does
not changefrom step1 sinceit is dictatedby the cost of the



higherweight edgeincident to it, (5 $ 1). Similarly, the set
f ne(n; � nm ) n ng (seeeqn.33) is equalto f 3; 5g n 5 = 3. The
correspondingupdateis: Y temp

7;1 := max(P 7;3) = 0:8. The
node-sectorpowermatrix at theendof this stepis:

Y temp = [3:1; 2:4; 4:3; 2:4; 3:1; 4:3; 0:8; 0:8]T

Step3: It canbe easilyveri�ed that thereis only onereplace-
mentedge,(5 $ 3).
Step4: Add the edge(5 $ 3). Using (35) and (36), the
updatesat this step are: Y temp

5;1 := max(P 5;3; Y temp
5;1 ) =

max(3:0; 3:1) = 3:1 and Y temp
3;1 := max(P 3;5; Y temp

3;1 ) =
max(3:0; 4:3) = 4:3. Thepowerlevelsof nodes5 and3 donot
changefrom step2 sincethey aredictatedby thecostof higher
weight edgesincident to them, (5 $ 1) and (3 $ 6). The
node-sectorpowermatrix at theendof this stepis therefore:

Y temp = [3:1; 2:4; 4:3; 2:4; 3:1; 4:3; 0:8; 0:8]T

The costof the improvedtopologyis 21.2,1.4 units lessthan
theinitial topology. Theimprovedtreeis shown in Figure7(c).
Sinceanimprovementhasbeenfound,the improvementalgo-
rithm is repeatedon thenew topology.

We saw in our above examplethat addingthe replacement
edge(5 $ 3) at step3 did not incur any additionalcost. Sim-
ilarly, removing an edgefrom the initial topologymaynot re-
ducethetopologycost.Speci�cally, removing theedge(i $ j )
would not reducethecostif thepower levelsof theendnodes
in the initial topology are greaterthan the power requiredto
supportthe link, or, if Y i � ij > P ij andY j � j i > P j i . Con-
sequently, the edge(i $ j ) neednot be consideredfor re-
moval/replacementduringtheimprovementphase.

VI . SIMULATION RESULTS

Wehaveconductedapreliminarystudyof theperformanceof
theoptimalandheuristicmethodsin 15,20,30,40and50-node
networkswith 3-sectorantennas(S = 3). In eachcase,100net-
workswererandomlygeneratedandtopologycostswereaver-
agedto obtainthemeancost. `� ' waschosento beequalto 4
for all cases.The commerciallyavailablelinear programming
solver, LINDO [10], which usesa LP-basedbranchandbrand
algorithmto solve MILP problems,wasusedto computethe
optimalsolutions.TheparameterY max

i;s wassetexperimentally
suchthat theaveragenodedegreewasin the range4-6 for all
N . Finally, thenormalizedresidualbatterycapacityof all nodes
waschosento beequalto 1, i:e:, Ci (t) = 1; 8i .

Our performancemeasuresfor comparingthe optimal and
heuristic solutions are the mean (PM 1) and the maximum
(PM 2) of thepercentagerelativenormalizederroror:

100�
P

i Yi (heur) �
P

i Yi (opt)
P

i Yi (opt)

TablesI and II provide a statisticalsummaryof the simula-
tion results,without and with the branchexchangetopology
improvementalgorithm. From TableI, it canbe seenthat the
topologyconstructionalgorithmprovidesreasonablygoodso-
lutions, within 2.3%of the optimal in all cases.With the im-
provementalgorithm,theheuristicsolutionsarewithin 1.4%of
the optimal. Moreover, the heuristicsolutionsappearto more
closelyapproximatetheoptimalwith increasingN .

TABLE I
Comparisonof optimalandheuristicsolutions,without improvement.

N PM 1 PM 2

15 2.29 11.26
20 2.04 6.09
30 2.01 6.01
40 1.47 3.21
50 1.23 3.19

TABLE II
Comparisonof optimalandheuristicsolutions,with improvement.

N PM 1 PM 2

15 1.34 10.48
20 0.76 5.87
30 0.74 4.73
40 0.69 2.11
50 0.53 2.02

VI I . CONCLUSION

In thispaper, weconsideredtheproblemof minimumpower
bidirectionaltopologyoptimizationin wirelessnetworks with
sectoredantennas.First, we developeda mixed integer linear
programmingmodelfor optimalsolutionof theproblem.Next,
wediscussedheuristicalgorithmsfor topologyconstructionand
improvement.Theconstructionheuristicis basedon Kruskal's
MST algorithm. Simulationresultscon�rm that good results
canbeobtainedusingtheheuristics,andin verylittle computa-
tion time.
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