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Math 125I First Midterm Winter 2003

1 (12 points) Compute the following integrals. Give your answers in exact form.

(a) (4 points)
∫ 8

1

2x + 5
3
√

x2
dx

(b) (4 points)
∫ π

0

sin t

1 + cos2 t
dt

(c) (4 points)
∫

y3
√

y2 − 7 dy
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2 (10 points) A model car travels along a
straight track. Its velocity is given by the

function v(t) = sin

(
πt2

9

)

, where t is in seconds

and v is in feet per second. Use the Midpoint
Rule and n = 6 to estimate the total distance
traveled by the car between t = 1 and t = 4
seconds.

43.532.5 4.52

-1

1.510.5

1

3 (6 points) Let f(x) =
∫ x2−4x

0
e
√

t dt. Find the interval on which y = f(x) is increasing.
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4 (10 points) Compute the total area bounded
by the curves y = x2 and y = x3 − 6x2 + 10x.
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5 (12 points) Let R be the region in the first quadrant bounded

by y =
9

x2
and y = 13 − 4x. Set up the following integrals.

DO NOT EVALUATE.

(a) (6 points) Set up an integral that computes the volume
of the solid generated by rotating R around the x-axis using
the method of washers.

(b) (6 points) Set up an integral that computes the volume of the solid generated by
rotating R around the line x = −2 using the method of shells.
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1.(a)
∫ 8

1

2x + 5
3
√

x2
dx =

∫ 8

1
2x1/3 + 5x−2/3 dx =

3
2
x4/3 + 15x1/3

∣∣∣∣
8

1
=

75
2

(b) Let u = cos t so du = − sin t dt. Then
∫ π

0

sin t

1 + cos2 t
dt = −

∫ −1

1

1
1 + u2

du = − tan−1 t

∣∣∣∣
−1

1
=

π

2

(c) Let v = y2 − 7 so that dv = 2y dy and y2 = v + 7. Then
∫

y3
√

y2 − 7 dy =
1
2

∫
(v + 7)

√
v dv =

1
2

∫
v3/2 + 7v1/2 dv =

1
5
v5/2 +

7
3
v3/2 + C =

1
5
(y2 − 7)5/2 +

7
3
(y2 − 7)3/2 + C

2. ∆t = 1
2 and the t-coordinates of the midpoints are 5

4 , 7
4 , 9

4 , 11
4 , 13

4 , 15
4 . The function v(t) is positive at

the first 4 values and negative at the last 2. Thus the total distance is

1
2

[

v
(5

4

)
+ v

(7
4

)
+ v

(9
4

)
+ v

(11
4

)
− v

(13
4

)
− v

(15
4

) ]

≈ 2.1784 feet.

3. By the Fundamental Theorem of Calculus, f ′(x) = (2x−4)e
√

x2−4x. This is defined when x2−4x ≥ 0,
that is x ≥ 4 or x ≤ 0. Since eu > 0 for any u, the derivative is positive if it is defined and if 2x−4 > 0.
Thus the function is increasing when x ≥ 4.

4. Solve x2 = x3 − 6x2 + 10x to get x = 0, 2, 5. Then compute
∫ 2

0

(
x3 − 6x2 + 10x

)
−

(
x2

)
dx −

∫ 5

2

(
x3 − 6x2 + 10x

)
−

(
x2

)
dx =

253
12

≈ 21.083.

5. For both parts you need to solve
9
x2

= 13− 4x. This gives 4x3 − 13x2 + 9 = 0 which is hard to solve
by elementary methods. Guessing and checking, you find that x = 1 is a solution. Using long division,
you get 4x3 − 13x2 + 9 = (x− 1)(4x2 − 9x− 9). The quadratic term has roots x = 3,− 3

4 . So the limits
of integration are x = 1 to 3.

(a) π
∫ 3

1

(
13 − 4x

)2

−
( 9

x2

)2

dx

(b) 2π
∫ 3

1

(
x + 2

) (
13 − 4x − 9

x2

)
dx











Math 125C Second Midterm Autumn 2003

3 (7 points) A bag of sand originally weighs 160 lbs. It is lifted at a constant rate of 4 ft/min.
The sand leaks out of the bag at a constant rate so that when it has been lifted 20 ft only
half the sand is left. How much work is done lifting the bag 20 ft?

4 (7 points) Determine if the improper integral
∫ 1

0
x3 ln (x) dx is convergent or divergent. If

it is convergent, evaluate it.
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1.(a) Let u = 4y and dv = sec2(2y) dy to get
∫

4y sec2(2y) dy = 2y tan(2y) −
∫

2 tan(2y) dy

= 2y tan(2y) − ln(sec 2y) + C.

(b)
∫ 16 + 4x2 − x3

x3 − 4x2 + 4x
dx =

∫
−1 +

4
x
− 4

x − 2
+

12
(x − 2)2

dx

= −x + 4 ln |x| − 4 ln |x − 2| − 12
x − 2

+ C

2.(a) Let 2t = sec θ to get
∫ 1

1/
√

3

dt

t
√

4t2 − 1
=

∫ π/3

π/6
dθ = π/6

(b) Let t3 = x to get
∫ π

0
3t2 sin t dt. Set u = 3t2 and dv = sin t dt to get −3t2 cos t

∣∣∣∣
π

0
+

∫ π

0
6t cos t dt.

Set U = 6t and dV = cos t dt to get −3t2 cos t

∣∣∣∣
π

0
+ 6t sin t

∣∣∣∣
π

0
−

∫ π

0
6 sin t dt.

This gives
(
−3t2 cos t + 6t sin t + 6cos t

) ∣∣∣∣
π

0
= 3π2 − 12

3. Ignore the weight of the rope. Let y be the height of the bag. Then y = 4t feet after t minutes. Let
F (t) be the weight of the bag after t minutes. We have F (t) = 80 when y = 20. This is when 20 = 4t
or t = 5 minutes. Since F (0) = 160, the bag is losing 80/5 = 16 lbs/min. Thus F (t) = 160 − 16t and

F (y) = 160 − 16(y/4) = 160 − 4y. Therefore the work is given by
∫ 20

0
160 − 4y dy = 2400 ft-lbs.

4. First let u = lnx and dv = x3 dx to get
∫

x3 lnx dx =
1
4
x4 lnx−

∫ 1
4
x4 · 1

x
dx =

1
4
x4 lnx− 1

16
x4 +C.

Now
∫ 1

0
x3 lnx dx = lim

a→0+

∫ 1

a
x3 lnx dx

= lim
a→0+

(1
4
x4 lnx − 1

16
x4

) ∣∣∣∣
1

a

= lim
a→0+

− 1
16

− 1
4
a4 ln a +

1
16

a4 = − 1
16

since lim
a→0+

a4 ln a = lim
a→0+

ln a

a−4
= lim

a→0+

1/a
−4a−5

= lim
a→0+

−a4

4
= 0 by l’Hôpital’s Rule.

5.(a) dx/dt = cos t − t sin t and dy/dt = sin t + t cos t, so the arc length is∫ 4π

0

√
(cos t − t sin t)2 + (sin t + t cos t)2 dt. This simplifies to

∫ 4π

0

√
1 + t2 dt.

(b) Let f(t) =
√

1 + t2 and ∆x = 4π/3. The Trapezoid Approximation is

2π
3

[
f(0) + 2f(4π/3) + 2f(8π/3) + f(4π)

]
= 81.8766


