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Abstract

Mode-1 internal tides were observed the western North Atlantic using an ocean acoustic tomography array deployed in

1991–1992 centered on 251N, 661W. The pentagonal array, 700-km across, acted as an antenna for mode-1 internal-tides.

Coherent internal-tide waves with O(1m) displacements were observed traveling in several directions. Although the

internal tides of the region were relatively quiescent, they were essentially phase locked over the 200–300 day data record

lengths. Both semidiurnal and diurnal internal waves were detected, with wavenumbers consistent with those calculated

from hydrographic data. The M2 internal-tide energy flux was estimated to be about 70Wm�1, suggesting that mode-1

waves radiate 0.2GW of energy, with large uncertainty, from the Caribbean island chain at this frequency. A global tidal

model (TPXO 5) suggested that 1–2GW is lost from the M2 barotropic tide over this region, but the precise value was

uncertain because the complicated topography makes the calculation problematic. In any case, significant conversion of

barotropic to baroclinic tidal energy does not occur in the western North Atlantic basin. It is apparent, however, that

mode-1 internal tides have very weak decay and retain their coherence over great distances, so that ocean basins may be

filled up with such waves. Observed diurnal amplitudes were an order of magnitude larger than expected. The amplitude

and phase variations of the K1 and O1 constituents observed over the tomography array were consistent with the

theoretical solutions for standing internal waves near their turning latitude. The energy densities of the resonant diurnal

internal waves were roughly twice those of the barotropic tide at those frequencies.

r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

This paper describes observations of the low-
mode internal tides in the western North Atlantic
Ocean during the Acoustic Mid-Ocean Dynamics
Experiment (AMODE). Acoustic tomography
(Munk et al., 1995) and thermistors are used for
these observations. The nature of the high-
frequency variability (41 cpd) of travel times of
front matter r 2006 Elsevier Ltd. All rights reserved
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long-range acoustic transmissions, including tidal
variability, has been of concern since the 1970s
(Clark and Kronengold, 1974; Weinberg et al.,
1974; Jobst and Dominijanni, 1979; Dyson et al.,
1976; Munk et al., 1981). Radiation of coherent,
mode-1 internal tides from the Hawaiian Ridge into
the central Pacific Ocean was first reported by
Dushaw et al. (1995) using acoustic tomography,
and the origin of this radiation was subsequently
confirmed by Ray and Mitchum (1996) using
altimetry. Bracher and Flatté (1997) described other
measurements of internal tides in the central Pacific
.
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using long-range acoustics. A preliminary descrip-
tion of the diurnal internal tides observed during
AMODE was given by Dushaw and Worcester
(1998). Low-mode internal tides have been observed
as coherent waves at many places in the world’s
oceans using TOPEX/Poseidon altimetry (Ray and
Mitchum, 1996, 1997; Kantha and Tierney, 1997;
Cummins et al., 2001; Ray and Cartwright, 2001;
Dushaw, 2002). Both the acoustic and altimetric
observations are consistent in the suggestion that
the lowest-mode internal tide can propagate linearly
as a coherent wave over distances of 1000–2000 km
or more. The first hint of this property of low-mode
internal waves was by Hendry (1977), who found
that coherent internal tides traveled 700 km from
the Blake Escarpment to the Mid-Ocean Dynamics
Experiment (MODE) array (Fig. 1).

Although of interest in their own right, internal
tides have received a great deal of attention in recent
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Fig. 1. The AMODE array was located midway between Puerto Rico an
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MODE experiment (Hendry, 1977).
years for their possible role as a catalyst for the
deep-ocean mixing that plays such an important
role in the oceanic general circulation (Sjoberg and
Stigebrandt, 1992; Munk and Wunsch, 1998). The
generation of internal tides by interaction of the
barotropic tidal currents with topography is one
way by which tidal energy may become available for
mixing. The Hawaiian Ocean Mixing Experiment
(HOME) was recently conducted to better quantify
these issues (Pinkel et al., 2000). The present paper
has little direct relevance to the mixing problem,
however. Not only do the low-mode internal tides
appear to have very weak dissipation, so that their
energy is not readily available for mixing, but, as we
will see, the energies of the internal tides observed
during AMODE are relatively weak compared to
internal tides in likely regions of intense tidal
dissipation, e.g., Pinkel et al. (2000), Egbert and
Ray (2000, 2001, 2003).
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The 1991–1992 AMODE experiment is described
in detail by the AMODE Group (1994); Dushaw
et al. (1996, 1997), Dushaw and Worcester (1998),
and Dushaw (2003); a short description of this
experiment and its associated data will be given in
Section 2. Dushaw et al. (1997) critically compare
the acoustically derived barotropic tidal currents
and relative vorticity to the TPXO.2 global tidal
model of Egbert et al. (1994). The harmonic
constants for currents from the tidal model agreed
to within 2% of the harmonic constants derived
from the direct, acoustically measured currents.
Small, systematic differences between the measured
and modeled currents were observed, and these
were traced to dynamical errors in the tidal model
resulting from assumptions about the scale of the
modeling error. The results concerning the baro-
tropic tide are relevant here because the baroclinic
tide signals in the acoustic travel time data are
almost as phase locked to the tidal frequencies as
the barotropic signals. The baroclinic signals are
subject to noise from internal-waves or incoherent
elements of the baroclinic tide, so they are not quite
as good as the barotropic signals.

Dushaw (2003) described the antenna properties
of acoustic tomography arrays, with the AMODE
array as an example, for observing internal-tide
radiation. In brief, given an internal-tide field of
arbitrary vertical mode and wavenumber content,
tomography measures only the first baroclinic mode
and only wavenumbers perpendicular to the tomo-
graphy path.

The AMODE array was located in about the same
place as the MODE array (Fig. 1), so the internal
tides described by Hendry (1977) likely passed
through the AMODE array. The tomographic
observation of internal tides gives a unique oppor-
tunity to understand the generation and propagation
of a deterministic component of internal waves. The
observed internal tides are assumed to be generated
at the continental shelf surrounding the western
North Atlantic basin. Recent numerical modeling of
internal-tide generation at Hawaii and elsewhere
(Kang et al., 2000; Merrifield et al., 2001; Cummins
et al., 2001; Merrifield and Holloway, 2002; Sim-
mons et al., 2004; Arbic et al., 2004) supports this
view of internal tide generation. The internal waves
induced at sharp topographic features such as mid-
ocean ridges or continental shelves propagate great
distances into the oceanic interior.

In Section 2, the tidal signals in the acoustic,
thermistor and hydrographic data are described. In
Section 3, the semidiurnal harmonic constants for
the internal-tide signals are shown to be consistent
with several coherent waves traveling through the
acoustic array from several directions, and
the diurnal harmonic constants are introduced.
The term ‘‘harmonic constant’’ is used with the
tentative conclusion that mode-1 internal tides can
be represented by such constants, much as the
barotropic tides are. In Section 4, the solutions for
the meridional structure of internal waves with a no-
flow southern boundary and a nearby northern
turning latitude are given, and these solutions are
compared to the measured diurnal harmonic con-
stants. In Section 5, the energetics of these internal
tides are described and compared to the barotropic
energies. In Section 6, the conclusions are discussed.

2. The Acoustic Mid-Ocean Dynamics Experiment

(AMODE)

AMODE consisted of a pentagonal array of 250-
Hz transceiver moorings deployed to determine the
ability of ocean acoustic tomography, together
with moving ship tomography, to map and explore
mesoscale dynamics (The AMODE Group, 1994;
Cornuelle and Worcester, 1996). The 700-km
diameter array was located mid-way between
Bermuda and Puerto Rico (Figs. 1 and 2,
Table 1). The 15 acoustic paths of the array are of
lengths 350, 410, or 660 km. The acoustic transmis-
sions were reciprocal so that current and sound
speed variability can be distinguished.

2.1. Acoustic data

The tomography array was deployed in March
1991, and reciprocal acoustic transmissions were
obtained for 180–300 days, depending on instru-
ment battery power. Transmissions occurred every
three hours on every fourth day. During summer
1991, transmissions occurred every three hours
continuously for a 3-week period during the Moving
Ship Tomography experiment (The AMODEGroup,
1994; Cornuelle and Worcester, 1996). Notation such
as ‘‘path (1,2)’’ will be used to indicate the acoustic
path from mooring 1 to mooring 2.

From 8 to 12 ray arrivals were resolved in the
receptions on each acoustic path. These rays are
typically refracted at their upper and lower turning
points (Fig. 2). The presence of mode water strongly
influences the structure of the ray paths. There is
little sound speed gradient in this water, hence rays
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Table 1

The AMODE transceiver mooring positions and their uncertainties

Mooring Latitude (North) Uncert. (m) Longitude (West) Uncert. (m) Source depth (m)

1 27143.23290 0.6 64131.11070 0.9 985

2 24120.04990 0.5 62153.34770 0.8 996

3 21153.94890 0.5 65149.88940 0.8 1003

4 23138.27220 0.5 69121.55930 0.8 1008

5 27121.12140 0.6 68143.52290 0.9 979

6 25100.01780 0.5 66115.08260 0.8 992
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Fig. 2. A meridional section of topography through the AMODE array showing the locations of Puerto Rico, the Puerto Rico Trench,

and Bermuda. The set of ray paths from the acoustic path between moorings 1 and 3 are shown. Corresponding sound speed profile (left),

and the first three temperature modes of internal waves (right). The three dots in the panel at right show the approximate locations of the

three thermistors on each mooring.
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with upper turning points within the mode water
(200–400m) are not possible. Dushaw et al. (1995)
showed that data obtained in the Pacific Ocean for
the latest-arriving ray (the travel time of the ‘‘final
cutoff’’ of the acoustic pulse) had a larger tidal
signal than that from the deep-turning rays, because
this ray sampled the ocean depths where the mode-1
temperature variations were largest. In the
AMODE region, the sound channel axis lies well
below the depth of mode-1 temperature maximum;
the tidal signals from latest-arriving ray were almost
identical to those from the deep-turning rays. The
‘‘final cutoff’’ travel times obtained during
AMODE were also fairly noisy. Since the ‘‘final
cutoff’’ data were noisy and offered no additional
information, they were not used.

The ray travel times are corrected for the motion
of the transceiver moorings using an acoustic
tracking system around each transceiver mooring.
With these corrections, and others for timing errors
due to clock drift, the ray travel times have an
instrumental uncertainty of about 1ms. Internal
wave variability introduces a travel time uncertainty
of about 10ms.

In order to separate the variations caused by
currents from those caused by sound speed (or
temperature), the difference and sum of the
reciprocal-ray travel time data are formed. Tidal
signals are evident in both the sum and the
difference travel times. The internal tides are
observed using the sum travel times (Fig. 3), which
are sensitive to the isotach variations caused by
vertical displacement. The sum travel times in this
paper are high-pass filtered (41 cpd) by removing a
daily average. This filter allows a more accurate
tidal study; it does not adversely affect the tidal
analysis (Dushaw et al., 1997). All subsequent
references to the travel times are to these high-pass
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reciprocal-ray travel times, a measure of sound speed variability, are shown. 8–12 rays are resolved on each acoustic path; the several time

series in each panel show the travel times associated with the resolved ray paths. The tidal variability of the travel times in each panel is

nearly identical because the signals are dominated by mode-1 internal tides. Note that some paths (e.g., 2,4) are dominated by semidiurnal

variability, while other paths (e.g., 2,3) are dominated by diurnal variability. These 40-day sections of the time series show the more

frequent transmissions during the Moving Ship Tomography experiment followed by the regular transmissions on every fourth day.
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filtered sum travel times. The low-frequency travel
time variations show mesoscale variability in both
temperature and current which we are not con-
cerned with here.

The eigenvalues of the equation for vertical
modes (Appendix A gives the equations, notation
and normalization for the modes) give the wave-
lengths and phase and group speeds of the waves,
given the tidal constituent frequency. Internal waves
have a turning latitude where their frequency equals
the inertial frequency; internal waves cannot freely
propagate north of their turning latitude and waves
approaching this latitude refract back towards the
equator. AMODE was located just south of the
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turning latitudes for diurnal frequencies. The K1

‘‘wavelength’’ is around 480 km, but this ‘‘wave-
length’’ increases as the turning latitude is ap-
proached. These diurnal properties are described
more fully in Section 4.

Dushaw et al. (1995) described the weighted least
squares techniques used to solve for the amplitudes
of the internal wave modes from the sum travel
times and their identified ray paths. The integration
of the internal tide modes over the acoustic ray
paths determines the available resolution of the
modes. The forward problem is

Tþi ðtÞ þ T�i ðtÞ � 2T0i � 2

Z
Gi

P
jAjðtÞZjðzÞ

c20ðxÞ
ds, (1)

where Tþi and T�i are the reciprocal travel times for
ray path Gi, c0(x) is a reference sound-speed field,
Zj(z) are the modes with amplitude Aj(t),P

jAjðtÞZjðzÞ ¼ dcðz; tÞ is the sound speed perturba-
tion, ds is an increment of ray arc length, t is time
(yearday), and T0i ¼

R
Gi
ds=c0ðxÞ. The integrals of

the rays over the first mode all have about the same
value, while integrals over the higher modes are less
than half as big and have both positive and negative
values. The ray paths have similar sampling so they
give limited vertical resolution, and the vertically
integrating nature of the data significantly cancels
the effect of higher-order modes. For these reasons,
the dominant signal in the data is caused by the
lowest internal-tide mode. Five modes were used in
the inversion to account for possible noise from the
higher modes. A tidal analysis of the time series for
mode amplitude then gives the harmonic constants
of the internal tide signals; these results are
discussed in the next section. There is no obvious
signal of modes 2 or higher in these data, however.
A tidal analysis of the mode-2 time series derived
from the data from path ð2; 4Þ accounted for only
15% of the variance. All tidal phases in this paper
are Greenwich epoch (Schureman, 1958).

The estimated uncertainties of the harmonic
constants require a comment. As described by
Dushaw et al. (1995), weighted least squares are
used to derive the harmonic constants. This
approach allows for noise and some a priori
weighting of the harmonic constants (e.g., the M2

amplitude is obviously larger than the P1 ampli-
tude). However, the technique assumes that the
noise is white, while the actual noise has an obvious
tidal component, caused by higher-mode internal
tides or a non-phase-locked component to the
internal tides. As noted by Dushaw et al. (1995),
the formal error bars from the harmonic analysis
are therefore underestimated.

2.2. Thermistor data and spectra

Thermistor data were obtained on each of the six
transceiver moorings at about 600, 700, and 950m
depths. The depths of the thermistors are located at
depths near the maximum of the first temperature
mode (Fig. 2). The first six temperature modes were
fit to the thermistor data to extract time series of
mode amplitudes. The three thermistors on each
mooring obviously do not provide adequate resolu-
tion of the baroclinic modes. The first mode was
assumed to be the dominant signal, and other
modes were included in the fit to allow for noise.

The time series for the first mode were used to
calculate frequency spectra of the internal wave field
at a single point. The thermistor data, like nearly all
thermistor data, have peaks in their spectra at both
diurnal and semi-diurnal frequencies (Fig. 4).
Spectra calculated using time series of temperature
from single thermistors were similar to the mode-1
spectra, with a slightly elevated noise level, slightly
weaker (2 dB) tidal peaks, and nearly identical
widths of the tidal peaks. Even though these record
lengths are longer than a year, the width of most of
the spectral lines is determined by the finite record
length, rather than by any instability in the internal-
tide phase. (Noise in the thermistor records caused
by mooring motion is reduced because the tomo-
graphy moorings are particularly stiff.) In this
region at least, it seems that if the internal tide is
a narrowband process, its spectral width is smaller
than may be determined by these data.

Other than tidal peaks in the spectra observed at
the six moorings, no geographical pattern emerges
from the spectra at either diurnal or semidiurnal
frequencies. We might expect that the amplitudes
for the diurnal internal tides from higher-latitude
moorings, such as mooring 1, to be suppressed,
since these moorings are near the turning latitude
where the waves are nearly inertial, but this is not
generally observed. It seems likely that contribu-
tions from higher-order modes to the observed
temperatures cannot be adequately distinguished
from the mode-1 signal. We will assume that the
signal of mode-1 dominates in the thermistor data,
but recognize that the derived time series of mode-1
amplitude may be significantly contaminated by
higher modes.
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Fig. 4. Spectra of the time series of mode-1 amplitude derived

from the thermistor data obtained on moorings 1 and 3 as

indicated. Tidal lines are obvious in these spectra, but there is no

apparent geographical pattern to the intensity of the lines. As

discussed in the text, the intensities of the lines for the diurnal

frequencies appear to be comparable to those of the semidiurnal

frequencies.

Table 2

Values for the harmonic constants (amplitude and phase) of the

barotropic tide elevation and currents

Constituent Elevation

(cm)

Zonal current

(cm/s)

Meridional

current (cm/s)

K2 1.4 0.07 0.06

281 1231 3271

S2 4.6 0.22 0.21

251 1221 3281

M2 25.7 1.09 0.82

21 1001 2921

N2 5.8 0.25 0.19

3411 801 2711

K1 7.0 0.08 0.15

2001 2791 551

P1 2.2 0.01 0.04

2001 3001 641

O1 5.7 0.01 0.08

2051 3011 611

Q1 1.1 0.00 0.02

1931 831 581

These values were derived from the TPXO.5 tidal model for the

position of the central AMODE mooring.
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The spectra of Fig. 4 show that the peaks for the
semidiurnal and diurnal internal tides have surpris-
ingly similar intensities. The K1 line is only 5–7 dB
weaker than the M2 line in Fig. 4. The ratio of M2 to
K1 barotropic current intensities, which might set
the expected ratio for the internal tide intensities, is
15 or 23 dB, depending on whether the zonal or
meridional currents are used for the calculation
(Table 2).

2.3. Hydrographic data

Hydrographic sections were obtained during the
deployment and recovery of the transceiver moor-
ings. These data allow the vertical mode functions
and their associated properties to be calculated
somewhat more accurately than may be determined
from climatology. During the 3 week deployment of
the moorings in March 1991, 9 conductivity
temperature depth (CTD) casts were obtained to
2000m, and 8 casts were obtained to near the ocean
bottom. During the 3 week recovery in March 1992,
25 casts were obtained to around 2000m depth, and
15 casts were obtained to around 5000m depth.

The mode eigenvalues and eigenfunctions ob-
tained depend on the stratification. The hydro-
graphic data allow the variation of the mode
properties over the region of the array to be
assessed at the beginning and end of the experiment.
Obviously, internal wave and internal-tide varia-
bility contaminate this assessment to some degree.
Mode-1 internal tides have wavelengths of
O(150 km), and the small-scale noise in individual
hydrographic casts would not actually influence
low-mode properties. Values for the eigenvalues of
the first mode obtained using data from the CTD
casts had a mean and rms of 0.10570.003 sm�1

(0.106570.0023 sm�1 in 1991 and 0.10527
0.0034 sm�1 in 1992). This 3% variation of the
eigenvalues is small and likely to be an overestimate
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of the actual influence of stratification on mode
properties. In any case, it is apparent that mode-1
properties are constant over the area of the array,
and that mode-1 properties in March 1991 are
identical to those in March 1992 (Table 3).
Table 3

Internal-tide phase speed (s), group speed (sg), wavelength (l),
and wavenumber (k) at 251N derived from hydrographic data

obtained in the AMODE region

Mode Constituent s (m/s) sg (m/s) l (km) k (� 10�2 rad/km)

1 M2 3.34 2.70 150 4.20

S2 3.32 2.73 143 4.38

N2 3.36 2.69 153 4.10

K1 5.59 1.62 482 1.30

O1 7.22 1.25 672 0.94

2 M2 1.46 1.18 65 9.60

S2 1.45 1.19 63 10.02

N2 1.47 1.18 67 9.38

K1 2.45 0.71 211 2.98

O1 3.16 0.55 294 2.14

3 M2 1.08 0.88 48 12.97

S2 1.08 0.88 46 13.53

N2 1.09 0.87 50 12.67

K1 1.81 0.52 156 4.03

O1 2.34 0.41 218 2.89
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internal tide.
3. Harmonic constants of the internal tide

The tidal analyses of the time series of mode-1
amplitude obtained on the 15 paths of AMODE
account for 33–77% of the variance of the mode-
amplitude time series (Fig. 5, Table 4). Similar tidal
analyses of the time series of mode amplitude
derived from the thermistor data accounts for only
7–39% of the variance (Table 5). A unit amplitude
is equivalent to about 1-m displacement at the depth
of mode maximum at about 1500m depth. (Tables 4
and 5 use units of ‘‘cm’’ for convenience.) This
displacement has a temperature signal of about
40m 1C. These small signals are apparent in the
tomography data because they have long spatial
coherence lengths.

One concern has been that the internal tides may
not actually be phase locked and that the harmonic
analyses could be effective at fitting variability
irrespective of what frequencies are used. As
described by Dushaw and Worcester (1998), how-
ever, a tidal analysis with ‘‘nearly’’ tidal frequencies
shows that the signals observed by the long-range
acoustics are phase locked, insofar as can be
determined from the 180 to 300 day record lengths.
A ‘‘tidal’’ analysis of these records with the
170 175 180 185

y 1991

travel times obtained on path ð2; 4Þ (heavy line). The tidal fit to the

h are shown. (b) The residual of the time series after removing the

bility is evident, perhaps caused by incoherent components of the
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Table 4

Amplitudes and Greenwich phases of the mode-1 baroclinic tide measured on each of the 15 acoustic paths of the AMODE array

Acoustic path Record length (d) % Tidal Amplitude (cm)

K2 S2 M2 N2 K1 P1 O1 Q1

1,2 181 70 23 18 123 21 44 16 25 15

1,3 189 69 8 16 72 31 69 25 17 5

1,4 189 34 7 8 37 12 30 5 26 10

1,5 101 69 10 14 194 34 49 15 17 16

1,6 188 59 12 22 125 9 85 21 26 10

2,3 333 33 20 12 48 4 36 20 32 24

2,4 181 77 6 30 157 45 94 21 64 19

2,5 250 32 5 30 67 32 51 16 16 13

2,6 332 45 3 16 89 28 101 27 53 12

3,4 217 53 15 18 110 25 53 8 17 34

3,5 178 43 11 9 49 11 9 5 33 4

3,6 357 38 13 22 62 30 46 14 23 12

4,5 137 57 6 35 104 41 53 44 23 12

4,6 213 42 10 6 9 17 76 23 75 23

5,6 258 33 28 15 86 12 76 28 34 4

Acoustic path Greenwich phase (1)

K2 S2 M2 N2 K1 P1 O1 Q1

1,2 43711 316714 11572 62711 8676 82715 250710 201715

1,3 79725 148714 33573 27177 7173 5279 215712 109740

1,4 144729 127725 30976 301718 2678 10737 13778 72720

1,5 293746 21735 11272 102713 89711 66734 276725 185727

1,6 27726 303716 13773 3734 4674 28716 198712 121729

2,3 299714 25724 10976 62758 14878 99715 3579 350712

2,4 3747 56711 28472 24577 25273 200715 15475 358716

2,5 294759 234713 6976 2712 31478 277723 214723 211727

2,6 241791 8722 26774 217712 26374 282713 15377 239727

3,4 291722 327719 23973 170713 11076 115740 349719 19710

3,5 212723 169729 29575 253721 20726 13747 11877 69746

3,6 307719 9713 20274 17079 5376 25718 168711 87720

4,5 63753 338711 14874 10479 7077 13879 4716 349729

4,6 172731 325745 76735 105720 28275 241714 14575 48715

5,6 330716 241728 7975 39733 32676 206716 164713 225784

Values are given for the frequencies of the eight major tidal constituents. The acoustic path is denoted by the pair of numbers, e.g., ‘‘ð1; 2Þ’’
is the path between moorings 1 and 2. The locations of the mooring are given in Fig. 1 and Table 1. The percent of the time series variance

accounted for by the tidal fit is also given. The normalization of mode 1 is such that an amplitude of 1m roughly corresponds to a vertical

displacement of 1m at mode maximum (see Appendix A). The uncertainties of the amplitudes are 4–8 cm.

B.D. Dushaw / Deep-Sea Research I 53 (2006) 449–473 457
frequencies shifted by 2p/(record length) accounts
for only 8% of the variance, or about the value
expected from a time series of noise. Another test of
internal-tide stability may be to divide the record
lengths into 30-day subsections, say, and determine
the variability of the harmonic constants derived
from the subsections. This procedure was applied to
these data, and the resulting phases and amplitudes
for the harmonic constants usually varied slowly by
10–50% over the complete time series. The phases
proved to have more stability than the amplitudes.
The S2 and K1 harmonic constants had substantially
more variability than the others. However, a
‘‘control’’ analysis using a simulated purely tidal
signal, white noise, and identical sampling had
similar results, both for the slow variations of
amplitude and phase and for the greater variability
of the S2 and K1 constants. The S2 and K1

constituents have periods of 12.0000 and
23.9345 h, respectively, which are similar to the
sampling intervals (i.e., eight 3-hourly measure-
ments on every fourth day). While this procedure
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Table 5

Amplitudes and Greenwich phases of the mode-1 baroclinic tide measured by thermistors on each of the 6 moorings of the AMODE array,

as for Table 4

Mooring number Record length (d) % Tidal Amplitude (cm)

K2 S2 M2 N2 K1 P1 O1 Q1

1 339 9 26 36 121 28 49 53 40 10

2 310 11 37 59 32 72 91 50 36 12

3 357 29 8 24 297 67 122 62 126 42

4 310 7 26 78 108 54 37 30 27 29

5 357 32 38 83 332 92 85 46 27 27

6 356 39 31 65 346 68 86 30 103 20

Mooring number Greenwich phase (1)

K2 S2 M2 N2 K1 P1 O1 Q1

1 139712 1679 12673 84711 9277 10176 31978 83730

2 3878 35375 19079 23674 27773 22576 11878 302722

3 199741 98714 21971 19375 4873 5776 32673 25878

4 203715 1675 18774 30677 51710 59713 340714 11713

5 24079 21474 8771 3074 13874 7077 54712 311712

6 31979 31375 18971 14474 32773 251710 15973 108715

The uncertainties of the amplitudes are 5–7 cm.
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may suggest some slow variations in the harmonic
constants over the record lengths, it is clear that the
manner in which the irregular sampling affects the
tidal analysis makes a precise measurement of those
variations impossible. It is notable, however, that
the sampling inherently makes the S2 and K1

constants a little more unstable than the others.
The semidiurnal phases obtained on the acoustic

paths are consistent with the theoretically expected
wavelength. For the semidiurnal frequency, the
beam patterns of the line-segments of the array
are quite narrow (Dushaw et al., 1995; Dushaw,
2003), so the tidal variability observed on a
particular path is caused by wave crests nearly
aligned with that path, or wavenumbers perpendi-
cular to that path. In the AMODE array, there are
five pairs of paths that are parallel and separated by
about 400 km (Fig. 1); each pair of paths is sensitive
only to wavenumbers perpendicular to the paths.
For both the M2 and N2 frequencies, the difference
in phases observed on parallel paths is about 1801
(Tables 6 and 7). The values for the S2 frequency do
not have this property, although this constituent is
weaker than N2 in this region. If the S2 signal is
weaker than the noise, the harmonic constants for
the S2 constituent may not reliably show the
coherent component of the internal tides. The 1801
phase change on the parallel paths is consistent with
wavelengths for which ðnþ 1
2
Þl ¼ 400 km, where

n ¼ 0;�1;�2;�3; . . . and l is the wavelength of
the radiation. Possible values for l are therefore
800, 267, 160, 114 kmy The 160-km value for n ¼ 2
is roughly the theoretically expected wavelength for
semidiurnal mode-1 waves. The wavelength cannot
be uniquely determined from the data alone in this
case; the ambiguity in the index n leads to side lobes
in the wavenumber spectra estimated from these
data, as described by Dushaw (2003). Wavenumber
spectra calculated from these harmonic constants
are consistent with the theoretically expected
wavelengths, for both semidiurnal and diurnal
constituents (Dushaw and Worcester, 1998; Dush-
aw, 2003).

Hendry (1977) and Dushaw et al. (1995) used the
‘‘age’’ of the internal tide to calculate the distance
the internal waves had traveled. The ‘‘aging’’ of the
tide over a distance R is given by

ðk1 � k2ÞR ¼ ðG1 � G2Þ � ðG1 � G2Þ0, (2)

where the subscripts 1 and 2 refer to two of the tidal
constituents, k is wavenumber, and G is tidal phase
(e.g., Greenwich epoch). The subscript 0 refers to
the initial phase difference between the two con-
stituents. In the present case, the parallel paths can
be used to obtain five independent estimates of the
‘‘aging’’ of the tide over the 400-km spacing of the
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Table 6

Amplitudes and Greenwich phases of the M2 mode-1 baroclinic

tide measured for each pair of parallel acoustic paths of the

AMODE array

Path % Tidal Amplitude

(cm)

Phase

(1G)

Phase

difference

1,5 69 194 11272 172731

2,4 77 157 28472

1,2 70 123 11572 180751

3,5 43 49 29575

2,3 33 48 10976 200781

1,4 34 37 30976

3,4 53 110 23973 190771

2,5 32 67 6976

4,5 57 104 14874 187751

1,3 69 72 33573

Table 7

Amplitudes and Greenwich phases of the N2 mode-1 baroclinic

tide measured for each pair of parallel acoustic paths of the

AMODE array

Path % Tidal Amplitude

(cm)

Phase

(1G)

Phase

difference

1,5 69 34 102713 2177151

2,4 77 45 24577

1,2 70 21 62711 1697241

3,5 43 11 253721

2,3 33 4 62758 1217611

1,4 34 12 301718

3,4 53 25 170713 1697181

2,5 32 32 2712

4,5 57 41 10479 1937111

1,3 69 31 27177
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Fig. 6. The difference between the M2 and N2 internal tide phases

obtained on the 15 acoustic paths. The dotted line shows the

phase difference between the M2 and N2 barotropic tides. The

internal tide phase differences are consistent with propagation of

a few hundred kilometers, although the uncertainties are so large

as to preclude definitive conclusions.
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paths. The M2 and N2 constituents can be used for
this calculation. The left-hand side of (2) is ðkM2

�

kN2
ÞR ¼ 23� for R ¼ 400 km. The right-hand side of

(2) has values for the five pairs of parallel paths
(Tables 6 and 7): �457151, +117251, +797621,
+217191, and �67121. While these results are not
sufficiently accurate to definitively test the ‘‘aging’’
of the tide, the measured values agree with the
expected 231 value within the rather large uncer-
tainties. (Unfortunately, the M2 and N2 wavenum-
bers are too closely valued to give much ‘‘aging’’
over 400 km.)

Similarly, M2 and N2 phase differences may be
related to the propagation from distant regions
where internal tides originate. The N2 phase for
barotropic elevation leads the M2 phase by about
201 throughout the western North Atlantic Basin
(Table 2), which may be representative of the
original phase difference between the internal tides
at these frequencies (Hendry, 1977). As an example,
paths ð4; 5Þ and ð1; 3Þ would be most sensitive to
radiation from the Blake Escarpment some 800 and
1200 km distant, respectively. The expected increase
in phase lag between the M2 and N2 constituents
over the 800 km from the Blake Escarpment to path
ð4; 5Þ is 461, while the phase increase to path ð1; 3Þ is
691. Observed values for the ‘‘age’’ of the internal
tides on these paths are 241 and 441, respectively,
with uncertainties of around 101. The observed
‘‘age’’ of the internal tides reflects the approximate
distance that these waves have traveled. Further, the
differences between the M2 and N2 phases obtained
on all paths (Fig. 6) are slightly greater than the
barotropic phase difference, suggesting that the
several waves observed on the various paths have
traveled several hundred kilometers. The uncertain-
ties make a precise estimate for the range of
propagation impossible, however. Hendry (1977)
made a similar calculation, using the results from
MODE thermistor records and the phase differ-
ences between S2 and M2 constituents, to suggest
that internal tides observed by the MODE array
had an ‘‘age’’ consistent with the 700-km distance to
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the Blake Escarpment. For the acoustical results,
the S2 phases do not seem reliable enough for a
meaningful calculation.

The harmonic constants derived on each acoustic
path can be combined to form a single objective
map of the internal tide for each constituent
(Dushaw, 2003). Fig. 7 shows such a map for the
M2 constituent. Dushaw (2003) used an omnidirec-
tional a priori spectrum to calculate a similar tidal
map, which resulted in standing wave solutions.
Given the directional ambiguity inherent in the
Fig. 7. Maps of the mode-1 amplitude of the M2 internal tide observed b

propagates from the northwest to the southeast, while the sine comp

Dushaw, 2003). This solution for the tidal field assumes that the intern

priori wavenumber spectrum (bottom left) is chosen to give wavenumbe

from the objective map is also shown (bottom right) (modified from D
array, the objective map (i.e., least squares) assum-
ing an omnidirectional spectrum gives solutions
with opposite wavenumbers and equal amplitudes
because (A/2)2+(A/2)2oA2. For the map of Fig. 7,
a more reasonable assumption that the waves are
propagating away from the nearby topography was
used, and the a priori spectrum was selected for this
purpose. The resulting map is obviously a compli-
cated interference pattern resulting from the super-
position of the various waves moving through the
observing array. The M2 amplitudes derived from
y the AMODE array. The cosine component of the field (top left)

onent of the field (top right) propagates meridionally (see also

al tide is propagating away from the nearest topography. The a

rs away from topography in the solution. The spectrum estimated

ushaw, 2003).
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the thermistor data on each mooring (Table 5) are
considerably larger than those derived from the
acoustic data for this reason. Given the extreme
sensitivity of interference patterns to slight changes
in phase of the underlying waves, it is little wonder
that occasional past observations of internal tides
by single thermistor or current meter moorings have
had trouble detecting the coherent aspects of
internal tides.

Diurnal amplitudes are large relative to the
semidiurnal amplitudes (Table 4). Their amplitude
is oftentimes as large as those for the semidiurnal
amplitudes, yet from the barotropic tides the
diurnals would be expected to be an order of
magnitude smaller (Table 2; Figs. 1 and 8). The
large diurnal amplitudes are apparent in the
thermistor spectra as well. The next section demon-
strates that the diurnal internal tides are in
resonance-trapped between the Caribbean island
arc and their turning latitudes at about 301N.
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island arc.
The internal tides described here are not obvious
in the observations by altimetry in this area (Ray
and Mitchum, 1997; Kantha and Tierney, 1997),
probably because the tidal variability shown in
Fig. 7 does not offer the coherent, nearly mono-
chromatic, waves that have been apparent in the
along-track altimetry data at places such as the
Hawaiian Ridge. The internal tides described here
are also considerably weaker than those observed at
other places, so their signal is not likely to be
observable by altimetry. Diurnal internal tides, in
particular, are not evident in the TOPEX/Poseidon
altimeter data in this region (R. Ray personal
communication, 1999). The nominal resolution of
TOPEX/Poseidon altimeter data is 3–4 cm, but the
tidal harmonic constants derived from those data
have uncertainty of 0.5–1.0 cm (R. Ray personal
communication, 2002). Dushaw (2002) found that
an uncertainty of 0.4 cm was consistent with an
objective map of sea-surface height for internal tides
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near Hawaii; there the tidal signals were of order
2.5 cm. The sea-surface height signals expected from
the 1-m amplitude internal tides reported here are
only of order 0.16 cm (Appendix A).

4. Resonant diurnal internal tides

The amplitude and phases observed for the
diurnal internal tides are reasonably consistent with
internal waves that are trapped between Puerto
Rico and their turning latitude. Dushaw and
Worcester (1998) gave a preliminary description of
this phenomena. A more accurate, complete de-
scription is given here. The phase of the diurnal
barotropic tide varies by only 10–201 along the
north side of the Caribbean island arc (Fig. 8), so it
is plausible that diurnal internal waves with
coherent wave crests can be generated there.

The theory describing these internal waves is
given by Wunsch and Gill (1976) (see also Phi-
lander, 1978 and Hendershott, 1973, 1981), who
found that peaks in the spectra of tropical Pacific
tide gauge data at periods of a few days corre-
sponded to low-order resonances of trapped, wind-
forced internal waves. The general problem of
equatorial waves near a zonal coastal boundary is
described by Philander (1977). The waveforms for
meridional current near the turning latitude are
approximately Airy functions. For the K1 frequency
this latitude is 30.01, while for the O1 frequency this
latitude is 27.61. Dushaw and Worcester (1998) used
the dispersion relation for these waves to solve for
the approximate order of the Hermite function
required to match the diurnal tidal frequencies.
Zonal variations were much smaller than meridio-
nal variations, so zonal wavenumber was taken to
be zero. The largest amplitudes are apparent on the
zonal acoustic paths. From Table 4, Paths ð2; 6Þ,
ð2; 4Þ, and ð4; 6Þ have O1 amplitudes 53, 64, 75,
respectively, while paths ð1; 6Þ, ð1; 3Þ, and ð3; 6Þ have
amplitudes 26, 17, 23, respectively. For the O1 and
K1 frequencies, the orders of the Hermite functions
were m ¼ 36 and 42, respectively.

While these Airy-function solutions for the
internal tides are suggestive of what is occurring
across the AMODE array, this approach to a
solution has a number of flaws: (1) The solutions
are required to have zero flow at the southern
boundary at some latitude to the north of Puerto
Rico, while the solutions of Dushaw and Worcester
(1998) employed no southern boundary. The
boundary condition was somewhat respected only
by chance for the K1 frequency. (2) The region of
interest (18–351N) is far enough north and of such a
large area that the beta-plane approximation may
begin to break down. (3) Large orders such as 36
and 42 may not be entirely realistic. (4) There is no
guarantee that with more accurate solutions, the
eigenfrequencies will match those of the tides. (5) In
calculating diurnal internal tide energy, Dushaw
and Worcester (1998) used the ratio of potential to
kinetic energy for free waves. In the next section, the
energies are calculated using a more correct relation
between potential and kinetic energy and more
correct solutions for the wave shapes as a function
of latitude.

Solutions for waves that resolve many of these
issues are described next. The equations for the
beta-plane approximation will be briefly reviewed,
followed by equations and numerical solutions for
the situation particular to the experiment domain.

For a constant depth Dn, the Laplace tidal
equations can be used to derive the equation
governing the variation of meridional current with
latitude (Hendershott, 1981). Usually a beta plane
approximation is used, so f ¼ by, where f is the
inertial frequency, b ¼ df =dy, and y is latitude.
Separation of variables for meridional current is
assumed,

vðx; y; z; tÞ � eilx�iotV ðyÞF 0ðzÞ (3)

and similarly for zonal and vertical currents and
elevation. In this equation, l is zonal wavenumber
and F0(z) is the vertical mode for current, which is
the derivative of the displacement mode. With these
approximations, the equation governing V(y) is

d2V ðyÞ

dy2
þ

o2

gDn

� l2 �
lb
o

� �
�

b2

gDn

y2

� �
V ðyÞ ¼ 0,

(4)

where g is gravitational acceleration. With bound-
ary conditions V ¼ 0 at y ¼7N, the solutions for
this equation are Hermite functions. The equivalent
depths, Dn, are derived from the equation for the
vertical modes as described in Appendix A. The
dispersion relation is

o2

gDn

� l2 �
lb
o

� �
¼ ð2mþ 1Þ

bffiffiffiffiffiffiffiffiffi
gDn

p . (5)

More accurate solutions than these can be found
numerically such that both the boundary conditions
and the variation of the inertial frequency with
latitude are taken into account. The difference
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between the beta-plane and more accurate solutions
is small, but noticeable. Avoiding the beta-plane
approximation (here taken to mean f ðyÞ � f 0 þ by),
but retaining the Cartesian approximation, (4)
becomes

d2V ðyÞ

dy2
þ

o2

gDn

� l2 �
l df =dy

o
�

f 2
ðyÞ

gDn

� �
V ðyÞ ¼ 0,

(6)

with boundary conditions, V ¼ 0 at the southern
boundary and decaying to zero north of that
boundary.

The solutions of the equation above are readily
obtained using Runge–Kutta integration techniques
(Abramowitz and Stegun, 1965). The differential
equation is integrated for a sequence of frequency
values (i.e., shooting); the eigenfunctions are those for
which the solutions go to zero at N. As discussed
above, zonal wavenumber is taken to be zero. Of the
eigenfrequencies found, modes 3 and 5 most nearly
correspond to the O1 and K1 frequencies, respectively
(Fig. 9). Conveniently, the shapes of these modes are
similar to the mode solutions of order 36 and 42
found using the beta-plane approximation (Fig. 10).
Since tomography measures the vertical displacement
from these waves, the displacement modes (dV/dy)
are also shown in Fig. 10 together with the latitudes
of the tomography moorings.

The latitude of the southern boundary is chosen
to give frequencies that most closely match the tidal
frequencies. Varying the latitude of the southern
boundary by even as much as a half degree, expands
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determined by ‘‘shooting’’. The K1 and O1 frequencies are

consistent with the eigenfrequencies, but the match is not exact.
or contracts the eigenfunctions to fix the zero
current at that latitude and substantially changes
the eigenfrequencies. The region just to the north of
Puerto Rico features a trench 8000m deep, together
with a scattering of islands to the northwest. These
complications make the precise latitude of no
meridional flow uncertain. It may be that the
different frequencies have slightly different southern
boundaries, depending on how the resonating waves
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are interacting with the trench, Puerto Rico, and
islands. The latitude might be taken as something of
a free parameter that can be used to adjust the
solutions obtained. The solutions described below
were obtained for a southern boundary at 19.51N,
which roughly corresponds to the latitude of the
28
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trench. The solutions also depend on the precise
value used for l1 ¼ 1=gD1, and the turning latitude
of the waves may depend on whether there is any
zonal component to the wave. Because of these
issues, these calculations must be taken as just a
plausible description of the meridional structure of
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the waves. It is encouraging that the spacing of the
O1 and K1 frequencies roughly corresponds to the
spacing of the eigenfrequencies, however.

These solutions to the variation of these waves with
latitude compare reasonably well with the measured
harmonic constants for the diurnal internal tides.
Dushaw and Worcester (1998) qualitatively com-
pared the diurnal harmonic constants derived from
the acoustic (Table 5) and thermistor (Table 6) data
to the approximate Airy function solutions for the
internal waves near their turning latitude. Next, this
preliminary comparison is extended by fitting the
numerical solutions for these internal wave modes
(these meridional modes are not to be confused with
the vertical modes) to the harmonic constants. The
quantitative fit can be expected to work reasonably
well, given the initial favorable comparison: ‘‘For the
K1 frequency, the paths ð2; 4Þ, ð2; 6Þ, and ð4; 6Þ all lie
along a trough of the predicted displacement, and the
amplitudes (94, 101, and 76cm) and phases (2521,
2621, and 2821) associated with these paths are
consistent with the predicted wave’’ (Fig. 11; Dushaw
and Worcester, 1998).

For each constituent, the fit of the displacement
mode to the data uses only two parameters, the
amplitude and phase, to account for the 30
harmonic constants measured on the acoustic paths
(an amplitude and a phase from each of the 15
acoustic paths). With the modes normalized to have
a maximum value of 1, the fit gives an amplitude
and phase for the K1 mode of 134 cm, 851, and an
amplitude and phase for the O1 mode of 89 cm,
3251. These solutions are compared to the data in
Fig. 12. The phases for both constituents are most
strikingly consistent with a standing wave. The
phases are roughly in two groups separated by 1801,
as expected for a standing wave. Frequently, the
mismatch between modeled and measured phase is
by 1801, suggesting that the solutions for the
displacement modes may not be quite right. For
several of the acoustic paths, a minor shift in the
location of the zero crossing of a mode results in a
phase change of 1801, if that shift changes whether a
crest or trough of the wave dominates in the path
integral.

The K1 meridional current just north of Puerto
Rico has an amplitude of about 0.5mm s�1 and a
phase of about 401. The K1 meridional mode used
for this fit is positive near Puerto Rico (Fig. 10).
Therefore, as previously reported by Dushaw and
Worcester (1998), the time of maximum positive
displacement of the K1 internal tide just north of
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Puerto Rico (phase 851) roughly corresponds to the
maximum offshore (northward, phase 401) flow of
the barotropic current. This result appears to be
inconsistent with the expected generating mechan-
ism for internal tides, where onshore flow would
cause an uplifting of isopycnals; the author cannot
suggest an explanation.

The amplitudes for the K1 constituent are
suggestive of the standing wave model for the zonal
paths (zonal paths have 01 azimuthal angle), but
values for many of the meridional paths (e.g., near
�801 azimuthal angle) are rather larger than
expected from the model (Fig. 12). The large values
from the meridional paths are not consistent with a
zonally independent standing wave, and suggest a
zonal component to the waves. Spectra calculated
from the K1 harmonic constants (Dushaw and
Worcester, 1998; Dushaw, 2003) do suggest that
these diurnal waves are more complicated than a
simple standing wave. One possible explanation
may be that a mismatch between the K1 tidal
frequency and resonant frequency has caused a
number of modes with frequencies adjacent to the
K1 frequency to be excited. Alternatively, the
topography along the island chain constituting the
southern boundary for these waves is complicated
to the west, perhaps pushing the zero-meridional
flow boundary as far north as 22–231N in some
places, which would certainly affect the mode
solutions. Another possibility is that diurnal inter-
nal waves propagating into this region from the
equatorial Atlantic may ‘‘accumulate’’ as they
interact with the Caribbean island chain, and so
behave as a resonance (R. Pinkel personal commu-
nication, 1999). This suggestion presents a view of
these internal tides that would be difficult to model.
The amplitudes for the O1 constituent are remark-
ably consistent with the standing wave solution,
however.

5. The energetics of the semidiurnal and diurnal

internal tides

The energy properties of internal tides have
recently received attention for their possible role in
maintaining ocean mixing. This section describes
the energy density and flux of the internal tides
observed during AMODE, and compares the energy
values to those of the barotropic tide (Wunsch,
1975; Schott, 1977). The comparison of diurnal
baroclinic and barotropic tidal energies highlights
the resonant properties of the diurnal waves. The
TPXO.5 tidal model of Egbert et al. (1994) is used
for the barotropic calculations. Of the many tidal
models derived from the TOPEX/Poseidon altime-
try data in recent years (Shum et al., 1997), the
TPXO model is one of the few that simultaneously
solves for elevations and currents in a manner that
is consistent with dynamics and uncertainties. For
the ocean mixing problem, the baroclinic energies
and barotropic dissipation values derived here are
quite small compared to more energetic regions of
the world’s oceans (Egbert and Ray, 2000, 2001,
2003).

The ratio of potential to kinetic energy of free,
sinusoidal waves is

PE

KE
¼
ðo2 � f 2

Þ

ðo2 þ f 2
Þ
. (7)

This ratio is a generic property of internal waves, so
long as they can be described by sinusoidal waves
and vertical modes. For free waves, the energy flux
can be calculated by multiplying the total energy
density by the group velocity. For path ð2; 4Þ of
AMODE, the M2 amplitude for displacement is
about 1.6m, which corresponds to a potential
energy density of 10.3 Jm�2. Using (7), a kinetic
energy density of 15.2 Jm�2 is implied. The total
energy density is therefore about 25 Jm�2, which,
using a group velocity of 2.8m s�1, gives an energy
flux of 71Wm�1 for northward wavenumbers. The
other semidiurnal constituents, S2, N2, and K2, have
negligible energy compared to these values. This
energy flux is rather small. Dushaw et al. (1995)
found an energy flux of 180Wm�1 in the central
North Pacific, and energy fluxes near the Hawaiian
Ridge of 1000Wm�1 or greater have been reported
(Ray and Cartwright, 2001; Dushaw, 2002). Kunze
et al. (2002) found 5 kWm�1 fluxing upcanyon into
Monterey Canyon at the shelf break, and Althaus et
al. (2003) found 7 kWm�1 radiating away from
Mendocino escarpment. Hendry (1977) reported
an energy density of 90 Jm�2 for the M2 internal
tide from the MODE array, based on a root-
mean-square amplitude for the 14 moorings of
3.1m. The thermistor results from AMODE had
similar values (Table 5); the superposition of
many waves exaggerates the estimated amplitude
of the internal waves observed at individual points
and leads to an over estimation of energy density
and flux.

The diurnal waves are not sinusoidal in the
meridional direction, so that the simple ratio (7)
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cannot be applied to calculate their energy.
For these waves, the ratio of potential to kinetic
energy is

PE

KE
¼

gDnðqV ðyÞ=qyÞ2

V 2ðyÞðo2 þ f 2
Þ
, (8)

which can be obtained by applying an integration
by parts to the basic equations for internal-wave
potential and kinetic energy. This ratio reduces to
that for the sinusoidal waves given above, since for
such waves 1=gDn ¼ k2

n=ðo
2 � f 2

Þ and qV=qy ¼

iknV . Standing waves have no energy flux.
Using a displacement amplitude of 1m for the K1

internal wave, approximately the measured value,
the potential, kinetic, and total energy densities are
shown as a function of latitude in Fig. 13 (see also
Hendershott, 1973). The energy densities for the K1

barotropic tide are also shown, showing that the
internal wave energy density exceeds that of the
barotropic tide at many places. Nominal values for
the K1 internal wave at about 251N are 4.5, 25, and
30 Jm�2 for potential, kinetic and total energy
density, respectively. Nominal values for the K1
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Fig. 13. Potential (top), kinetic (middle), and total energy of the

K1 internal tide as a function of latitude. The kinetic energy is

inferred from the displacement. The barotropic energy is shown

by the horizontal dashed line, showing that in some latitude

bands the internal tide energy is many times larger than the

barotropic energy for this frequency.
barotropic tide are 12, 3, and 15 Jm�2 for potential,
kinetic and total energy density, respectively.
Nominal values for the O1 constituent internal wave
at about 251N are 1.5, 16, and 18 Jm�2 for potential,
kinetic and total energy density, respectively. Nom-
inal values for the O1 barotropic tide are 9, 2, and
11 Jm�2 for potential, kinetic and total energy
density, respectively. For both the K1 and O1

frequencies, therefore, the ratio of baroclinic to
barotropic energy density is 2 to 1. The resonant
property of the internal waves is evident; they are
generated from the barotropic tide, yet they have
greater energy density.

Modern global tidal models can be used to
estimate energy flux (e.g. Fig. 14) and the divergence
of energy flux. These allow the loss of energy from
the barotropic tide in a region to be estimated
(Egbert and Ray, 2000, 2001, 2003). The energy
budget is

Net Energy In ¼ Astronomical WorkþDissipation.

(9)

The net energy flux into a particular area can be
estimated from the tide models, and the astronom-
ical work is known, so estimation of dissipation is
straightforward. The TPXO.5 tidal model was used
to estimate the net M2 energy lost along the
Caribbean island chain from Puerto Rico to the
Bahamas. The precise estimate of the net dissipation
of energy was somewhat uncertain because of the
complications of this 3-Mm long island/trench
system, but it appears to be 1–2GW. This value is
small compared to other regions of noted tidal
dissipation such as Hawaii (Egbert and Ray, 2000,
2001, 2003). The 71Wm�1 M2 energy flux estimated
to be carried by the internal tide can be used to
estimate the dissipation from the barotropic tide by
internal wave radiation. This energy flux is esti-
mated from path ð2; 4Þ, so it applies to meridional
wavenumbers, even though the measurement is
obtained within a complicated interference pattern.
Other paths measure the energy flux for different
wavenumbers, but give similar values for energy
flux. While point measurements within the inter-
ference pattern would over- or underestimate the
energy flux depending on the superposition of
wavenumbers, this is not the case for the line-
integral measurements. Assuming the 71Wm�1

energy flux is a nominal value for wavenumbers of
various directions emanating from the whole of the
3-Mm island chain, a net energy loss to the mode-1
internal tide of 0.2GW is obtained. While this
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Fig. 14. M2 barotropic tidal energy flux derived from the tidal model of Egbert et al. (1994) (TPXO.5 version). The tides are fairly large

over the continental shelf of the US; the lack of energy flux shows that the tide there is a standing wave.
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calculation is admittedly crude, it does highlight the
relatively small energy loss by internal-tide radiation
in this region. The weak radiation may result from the
lack of flow over the top of the topography, because
the island chain extends to the surface in most places.
As discussed by Holloway and Merrifield (1999),
Merrifield et al. (2001) and Merrifield and Holloway
(2002), internal tide generation is most efficient when
the tidal flow is forced across the isobaths of an
elongated sub-surface ridge.

Preliminary analyses of internal tides observed by
TOPEX/Poseidon near Hawaii have suggested that
the mode-1 internal tides have a ‘‘decay scale’’ of
1000 km or longer (Ray and Mitchum, 1997).
However, much of this ‘‘decay’’ can be accounted
for by the change in stratification as the waves move
away from the Hawaiian Ridge; the change in
stratification gives these waves a weaker surface
expression, even if there was no loss of energy by
dissipation. Further, the altimeter samples the tides
at a meagre 10-day interval, so the tidal analysis is
likely to be sensitive to any incoherent elements in
the internal tides.

The AMODE measurements give a more direct
measurement of the decay scale of mode-1 internal
tides. There is no evidence for a systematic decrease
in tidal amplitude across the tomography array. The
parallel paths of the AMODE array are separated
by about 400 km, so that a 1000-km decay scale
would suggest that the tidal amplitudes would
decrease by a factor of 1.5 over 400-km distance.
Assuming the semidiurnal internal tides are propa-
gating and decaying northward away from Puerto
Rico, we might expect the amplitude observed on
path ð1; 5Þ would be reduced, compared to that
observed on its parallel path ð2; 4Þ. In fact, paths
ð2; 4Þ and ð1; 5Þ have M2 amplitudes of 157 and
194 cm, respectively, so the amplitude appears to
have actually increased away from topography.
Path ð1; 5Þ is shorter than path ð2; 4Þ, so the larger
amplitude observed on path ð1; 5Þ may result from
its wider beam pattern for semidiurnal radiation. It
seems likely that the decay scale of mode-1 internal
tides is considerably larger than 1000-km, so that
any decay that occurred over the 400-km spacing of
the AMODE parallel paths was indistinguishable
from the noise in the observations. A very long
decay scale is expected theoretically (LeBlond,
1966). The long decay scale is also consistent with
the existence of the resonant diurnal waves. The
resonance requires that the waves propagate from
the island chain to the turning latitude and back
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without appreciable loss of energy. The roundtrip
distance is about 2300 km (although this is only 5–6
wavelengths for diurnal constituents).

6. Discussion

Coherent, phase-locked signals of mode-1 semi-
diurnal (M2 and N2) and diurnal (K1 and O1)
internal tides were observed by a large-scale
acoustic tomography array in the western North
Atlantic basin. The internal tides had O(1m)
displacements (O(0.2 cm) sea-surface height), hence
they were relatively quiescent compared to other
regions. Waves traveling in several directions were
observed using the antenna properties of the
tomographic array. The M2 and N2 harmonic
constants observed on the various acoustic paths
of the tomography array were consistent with the
expected properties of the semidiurnal waves,
including wavelengths and ‘‘aging’’. It is difficult
to observe these mode-1 waves with thermistors or
current meters because of internal wave noise and
the difficulties of mode separation. It is apparent
that mode-1 internal tides have very weak decay and
retain their coherence over great distances, so that
ocean basins may be filled up with such waves.

It has sometimes been suggested that temporal
variations in buoyancy frequency or currents will
cause variations in internal wave properties and so
introduce temporal variations in the observed
amplitude or phase of internal tides. While the
buoyancy suggestion has theoretical appeal, it seems
that variations in buoyancy do not significantly
affect internal-tide phase stability at least for the
lowest mode. Buoyancy variations observed over
decades at the Hawaiian Ocean Time series site
(Dushaw, 2002) had little effect on the low-mode
properties (e.g., phase speed) of the internal tides,
and the hydrographic data collected during
AMODE similarly suggested that low-mode proper-
ties were negligibly influenced by changes in
stratification. A greater effect from buoyancy
variations may occur at the topography features
where the internal waves are generated (Mitchum
and Chiswell, 2000), since buoyancy variations there
will directly affect the initial phase of the waves. The
doppler effects of ocean currents are also suggested
as a reason for the lack of phase stability of internal
tides. The magnitude of this effect on low-mode
internal tides is unclear, however. Any frequency
shifts will occur by changing ocean current, and the
spatial scales of any variations in current must be
comparable to the large scales associated with low-
mode internal tides. It seems reasonable to expect a
certain stability in the phase or frequency of low-
mode internal tides.

A natural question to ask is: If ‘‘the internal tide’’
is so coherent, why is it that the thermistor and
altimeter data show a much weaker temporal
coherence than the tomography data? A tidal fit to
the mode-1 time series derived from the thermistor
data accounted for only 7–39% of the variance,
while the same fit to the mode-1 time series derived
from tomography accounted for 33–77% of the
variance, depending on the strength of the tidal
signal in the time series. In the AMODE region,
altimetry has detected no internal-tide waves at all.
The answer to the question lies in understanding
the nature of ‘‘the internal tide’’, together with the
properties of the various measurements. ‘‘The
internal tide’’ in the AMODE region is obviously
composed of a superposition of many different
waves propagating in different directions. ‘‘The
internal tide’’ is therefore a complicated interference
pattern whose stability is likely to be extremely
sensitive to any slight variations in the individual
waves that make up the pattern. The individual
waves can be relatively stable, while the interference
pattern can be unstable. The property of a tomo-
graphic measurement is that it measures not so
much ‘‘the internal tide’’, as the relatively stable
wavenumber component perpendicular to the
acoustic path. In addition, tomography is a natural
measurement of mode-1 only, while the vertical
sampling of the thermistor data was so poor that a
clear mode-1 time series could not be resolved, i.e.,
noise in the thermistor data was severe. Altimetry,
like the thermistors, is a point-wise measurement of
the internal-tide interference pattern, with the added
difficulties of relatively weak internal tide signals
(when such signals are barely detectable in any
region) and of meagre 10-day sampling intervals.
When one talks of ‘‘the internal tide’’, it is
important to be clear whether one is referring to
either the tide composed of a set of wavenumbers,
or the tide composed of a single wavenumber.

Recent modeling results for internal tides globally
(Simmons et al., 2004; Arbic et al., 2004) highlight
the interference patterns of internal tides formed
by the interaction of multiple internal tide waves
(Fig. 15). This numerical model has a number of
simplifications, so it should be considered a
qualitative description of the generation and pro-
pagation of low-mode internal tides. Nevertheless,
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Fig. 15. The state of M2 baroclinic tide radiation 20 days after the start of the Simmons et al. (2004) model run in the North Atlantic.

According to this model, the M2 internal tides are relatively weak in the AMODE region compared to other areas. Resonant M2 internal

tides are possibly evident east of Iceland, presumably trapped between topography and their 751N turning latitude. Modified from

Simmons et al. (2004).
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the model results of Fig. 15 show that the western
North Atlantic has internal tides that are relatively
weak and consist of the superposition of several
waves. Regions of the eastern North Atlantic have
relatively large internal tides, which are known to
exist from in situ data, but which are not observed
by altimetry (Ray and Mitchum, 1997; Kantha and
Tierney, 1997). The interference patterns in the
eastern North Atlantic may go undetected by
altimetry for the reasons suggested above.

The M2 internal tide energy density for meridio-
nal wavenumbers was 25 Jm�2, which corresponds
to a northward energy flux of 71Wm�1. The net M2

energy carried by mode-1 internal waves from the
3-Mm long Caribbean island chain may be about
0.2GW, with large uncertainty. The M2 barotropic
tide energy dissipation from the island chain
(TPXO.5) is 1–2GW, also with large uncertainty.
The western North Atlantic is a weak source of tidal
energy available for ocean mixing.

Coherent, resonant diurnal internal tides are
trapped between Puerto Rico and 301N turning
latitude. The diurnal amplitudes and phases ob-
served on the various acoustic paths were fit to the
meridional structure of these standing internal waves
near their turning latitude. The K1 energy density is
15–50 Jm�2, with an Airy-function type of variation
with latitude. The maximum energy density is
predicted to occur at about 301N. The ratio of
barotropic tidal amplitudes (M2:K1) is about 1:0.06,
while the observed ratio for internal tide amplitudes
is about 1:1. The K1 energy flux is ‘‘0’’ Wm�1,
because it is a standing wave. The ratio of barotropic
to baroclinic energy is 1 to 2, for both K1 and O1

frequencies. Diurnal currents near the critical
latitude in the region of AMODE should be greatly
enhanced compared to the currents predicted by the
global barotropic tide models. Enhanced diurnal
currents near the critical latitude were first predicted
by Hendershott (1973). Interestingly, the modeling
results of Fig. 15 suggest a resonant semidiurnal
internal tide east of Iceland. The turning latitude for
the M2 frequency is 751N. Modeling results for the
diurnal frequencies are not yet available.
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There are many open questions concerning these
internal waves. Does their energy dissipate to
bottom friction, or does it cascade to higher
wavenumbers? What is the ‘‘lifetime’’ or decay rate
of mode-1 internal waves? If 10% of the barotropic
tide energy is lost to radiated waves during each
diurnal cycle, the 1:2 energy ratio for diurnal waves
implies a lifetime of 20 days. What are the details of
internal-tide generation, including the effects of the
Puerto Rico trench? A future task is to apply a more
accurate, regional model for internal tide generation
in the western Atlantic to relate the observed tides
to their dynamical generation. In particular, an
accurate model for diurnal internal tides, when
combined with the data reported here, will give a
determination of the energy loss, or decay rate, of
mode-1 waves in the open ocean. The energy lost
from mode-1 waves may be an important driver of
deep ocean mixing.
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Appendix A. Normalization of internal wave modes

The derivation of internal wave modes and
internal wave properties is described many places
(e.g., LeBlond and Mysak, 1978; Hendershott,
1981). The relevant equations were reviewed in
Dushaw et al. (1995); here the normalization and
nominal mode amplitudes particular to this paper
are given. The equation for the displacement modes
of low-frequency internal waves is

d2FnðzÞ

dz2
þ lnN2ðzÞFnðzÞ ¼ 0, (A.1)

with boundary conditions

dF nðzÞ

dz
� glnFnðzÞ ¼ 0 at z ¼ 0, (A.2)

FnðzÞ ¼ 0 at z ¼ D. (A.3)
Because the tidal frequencies are low for internal
waves, this equation is the low-frequency limit of
the equation for internal wave modes; it is frequency
independent. The eigenvalues, ln, are sometimes
written as 1/(gDn), where Dn is the ‘‘equivalent
depth’’ of the mode.

The normalization of the displacement modes
Fn(z) is

Z 0

D

F2
nðzÞN

2ðzÞ dz ¼ DN̄
2
, (A.4)

where

N̄ ¼
1

D

Z 0

D

NðzÞ dz (A.5)

and D is ocean depth. With this normalization, the
mode-1 displacement mode with 1-m amplitude had
a surface value of �1.6� 10�3m and a maximum
value at mode-maximum at 1300-m depth of
+1.15m. Tables 4 and 5 use units of centimeters
for convenience; in those tables ‘‘100 cm’’ amplitude
corresponds to a vertical displacement of 1.15m.
The modes in temperature or sound speed are
obtained by multiplying the displacement modes by
the negative of potential temperature or sound
speed gradient. Hydrographic data obtained during
AMODE were used to derive the buoyancy and
potential temperature and sound speed gradients for
these calculations.
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