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ñShallow-water acousticsò

ñCover: In 1826, 

an experiment 
measured the 
speed of sound 
in the waters of 
Lake Geneva, 
Switzerland, as 
memorialized in 
this sketchéò
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Compressible fluid equations

ÌEquation of continuity (conservation of mass)

ÌEquation of motion (Euler equation)

ÌEquation of state (Laplace hypothesis)

0)(
t

=rÖ+
µ

rµ
vÐ

gvv
v

+
r

-
=Ö+

µ

µ p
)(

t

Ð
Ð

S

2 p
)(cwhere,

dt

d
)(c

dt

dp
ö
÷

õ
æ
ç

å

rµ

µ
¹

r
= xx



5

Sound

Ì Small oscillations in a compressible fluid:

Ì Zeroth order fluid equations (given vo = 0):

A static but inhomogeneous ambient background field.
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Sound: first order
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Sound: wave equation
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Whereôs the 

Helmholtz equation?
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Perturbation theory
ÌRewrite the effective Helmholtz equation as
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Solution types

ÌDepth dependent:

ÌDepth and weakly range dependent:
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Boundary conditions

ÌContinuity of acoustic pressure and the normal 

component of acoustic velocity across interfaces:

ÌFrom the first-order Euler equation, for a time harmonic 

source, this second condition is equivalent to
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Depth-dependent solution

ÌThe effective Helmholtz equation for a time harmonic 

point source in a depth-dependent background is

ÌTaking a Hankel transform of this equation:
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Depth-dependent solution cont.

ÌGiven a constant effective wavenumber, the Weyl-

Sommerfeld representation of a point source is relevant:

and the so-called depth-dependent Green function  

becomes
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Weak range dependence
Ì In the original Pekeris equation, assume harmonic time dependence 

and insert the ansatz

r2

)zz()r(S
)r(k

r

)(
r

rr

1

algebra... little a After

0)z,r()r(k
)z,r(cz

)z,r(

)z(

1

z
)z(

 through)z,r( modes local  theDefine

)z(and)z,r(c

with

)z,r()r()z,r(p

s

mm

m

2

mr

mm

m

m

2

mr2

2

m

o

o

m

o

m

m

m

p

-dd
=YF+ö

÷

õ
æ
ç

å

µ

YFµ

µ

µ

=Yö
÷

õ
æ
ç

å
-

w
+öö
÷

õ
ææ
ç

å

µ

Yµ

rµ

µ
r

Y

r

YF=¡

wää

ä



15

Weak range dependence cont.

ÌApplying the operator                        and using 

orthonormality on the previous gives
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Weak range dependence final

Ì The Born-Oppenheimer (adiabatic) approximation drops these 

coupling matrices, Amn and Bmn, and we are left with

which in the WKB approximation becomes

where A is a constant fixed by matching to the range independent 

solution in the far field (kr r >> 1).
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A nice analogy

(Dashen et al.)
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A nice analogy cont.

Ì Klein-Gordon to Schrodinger equation:

hyperbolic to parabolic equation 

Ì Acoustic Helmholtz to parabolic equation (PE):

elliptic to parabolic equation

Ì Another way of putting it: The valence QCD (Woloshyn et al.) and 
ubiquitous acoustic PE method are analogous approximations. In 
the former, backward propagation in time is suppressed, while in 
the latter it is the backward propagation in horizontal range that is 
being suppressed. Both are nonperturbative systematic 
simplifications.
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The application
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Shallow-water pressure signal



21

Shallow-water spectral density:

channel 0
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Shallow-water spectral density:

channel 1


