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Compressible fluid equations~5xa.
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| Equation of continuity (conservation of mass)

H o pdrv)=o
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| Equation of motion (Euler equation)

W vy ="=F E)p+g
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| Equation of state (Laplace hypothesis)
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Sound

| Small oscillations in a compressible fluid:
V=V, +Vj
[ =r, +rj
P=P *+Pi

| Zeroth order fluid equations (given = 0):
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A static but inhomogeneous ambient background field.




Sound: first order
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Thislast terms negligiblefor oscillatians satisfying
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Sound: wave eguation
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Taking u(A)/t andsubstituting in (B) gives
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Taking u(C)/ut andusing the previousgives
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the Pekerisequation(1948).




Wher eos
Helmholtz equation?

Define

P(x,1) = P(x)e ™ = PI.
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Then thePekerisequationreducedo

(B +Kz ())P(x) =0

wherethe effectivewavenumbeis givenby
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Perturbation theory %@
| Rewrite the effective Helmholtz equation as ﬁ&“}é@%

(H, +V)P(x)=0

where

H,* D*+k;(X)

and

V1K (X)- k(%)

with
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Recall
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Solution types

| Depth dependent:
c(x) - c(2)
r(x) - 142
| Depth and weakly range dependent:

c(x) - c(r,2)
Koo e K
bz oy
ro(X) - ro(r,Z)
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Boundary conditions R\

Continuity of acoustic pressure and the normal
component of acoustic velocity across interfaces:
Pi = P}
vj Q= vj Gt

From the firstorder Euler equation, for a time harmoni
source, this second condition is equivalent to

Er)pi G = Er)pi G

ol 02

rough interface
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Depthdependent solution R

| The effective Helmholtz equation for a time harmonic
point source in a dep{ttilependent background is

_r_+_2Jf{ i, ol = S40%-2)
Gryr pr /pj < 2pr
| Taking a Hankel transform of this equation:

P(r,z) = :?15(kr ,Z2)J, (k. rk. dk

gives

a 2k (2)- k28I5(k 7) = 2d2- Z,)
(;UZ 2p
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Depthdependent solution contyz sz
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| Given a constant effective wavenumber, the Weyl
Sommerfeld representation of a point source is reley,

eikeffR | °~ei\/k§ff'kr2\2' Z4|

4R~ 4p MV k2 K

and the saalled depthdependent Green function
becomes

J.(k Nk dk

iS ei\/kgff'k?\z'zs\
w

2 2

ke1f - kr

Pk ,z) =-
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Weak range dependence ~z3a

| In the original Pekeris equation, assume harmonic time dependen 2, ({‘“
and insert the ansatz ».?:3

D £

pi(r,2) =4 F (Y, (r,2) 2,

with
c(r,z) and r (2)

Define thelocalmodesY _(r,z) through
ua 1 uy. (rz)o a W

D80 e S © O.0.2=0

After alittle algebra...
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Weak range dependence con’@%*
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| Applying the operatorr(@%dz and using

orthonormality on the previous gives

Lug Hr, O+k2(r)F +24 B, HE
e 2
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_ S, d(n)Y_(0,z.)
o 2prr _(z,)

where
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The BorrOppenheimer (adiabatic) approximation drops these
coupling matrices, A, and B, and we are left with

}E%&g+ krzn(r)l: ) — Swd(r)Yn(O1 Zs)
rpre wr =+ 2prr (z,)

which in the WKB approximation becomes
i%km(r')dr'

where A is a constant fixed by matching to the range independe
solution in the far field (k >> 1).
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A nice analogy
(Dashen et al.)

Application of the Foldy—Wouthuysen transformation
to the reduced wave equation in range-dependent
environments

Daniel Wurmser and Gregory J. Orris
United States Naval Research Laborvatory, Washington, DC 20375-5200

Roger Dashen?
Physics Department, University of California, San Diego, La Jolla, California 92037

(Received 4 November 1994; accepted for publication 13 September 1996)

The Foldy—Wouthuysen transformation can be used to reduce the relativistic Klein—Gordon
equation to the nonrelativistic Schrodinger equation. This technique is modified and applied to the
problem of wave propagation through media with a range-dependent index of refraction. The
forward and backward propagating components of the field are decoupled order-by-order to produce
a perturbative expansion of the range-dependent parabolic equation. The result includes
energy-conserving correction terms that can be associated with a rapid fluctuation of energy
between forward and backward propagating solutions of the Helmholiz equation. The approach
selects out physical processes which accumulate over the entire range of propagation, distinguishing
them from effects which depend solely on the initial and final values of the index of refraction and
its derivatives. It 1s also shown that the corresponding backscatter mechanism 1s fundamentally
nonperturbative, so that the parabolic equation technique as applied to the problem of propagation
through range-dependent media generates an asymptotic expansion of the exact solution. This
procedure has been applied to long-distance low-frequency propagation through a sound channel
with internal waves. For this application, the expansion parameters are typically very small, so the
propagation distances must be very large for the effect to be detectable. [S0001-4966(97)02203-0]

PACS numbers: 43.30.Bp [MBP]
1309 J. Acoust. Soc. Am. 101 (3), March 1997
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A nice analogy cont. R\

Klein-Gordon to Schrodinger equation:
hyperbolic to parabolic equation

- (I"lt)2 - ° H,

Acoustic Helmholtz to parabolic equation (PE):
elliptic to parabolic equation

M) - °H,

Another way of putting it: The valence QCD (Woloshyn et al.) an
ubiquitous acoustic PE method are analogous approximations. |
the former, backward propagation in time is suppressed, while In
the latter it is the backward propagation in horizontal range that |
being suppressed. Both are nonperturbative systematic

simplifications.
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Lake Marion test 9-21-05, 15:36 ADT
(gain: x100, minute interval: 3)

channel 0
channel 1
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Lake Marion test 9-21-05, 15:36 ADT
(gain: x100, minute interval: 3)

Glider channel 0
— SS0 Knudsen spectrum
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Shallowwater spectral density: =,
channel 1




