Shallow-water acoustics

Billy D. Jones

October 25, 2005




Physics Today 10/2004 ‘“’%«@w\
“Shallow-water acoustics” RN

o
B pyysics To0RY | (Cover: In 1826,

ﬁ i
an experiment
measured the
speed of sound
in the waters of
Lake Geneva,
Switzerland, as
memorialized in
this sketch...”




References

A Pierce, Acoustics, 1989

“The Jackson of acoustics”

4 DeSanto, Boundary value problems for scalar waves,
1989

A Brekhovskikh and Lysanov, Fundamentals of ocean
acoustics, 2003

A Jensen et al., Computational ocean acoustics, 2000

A Katsnelson and Petnikov, Shallow-water acoustics,
2002




Compressible fluid equations

A Equation of continuity (conservation of mass)
%+V-(pv) =0

A Equation of motion (Euler equation)

@+(V-V)v:_—Vp+g
ot P

A Equation of state (Laplace hypothesis)

dp . dp
—=c(X)"— , where c(X)=_|| —
=00 (X) [ ]




Sound

A Small oscillations in a compressible fluid:
V=\, +V'
pP=ps+p
p=p, +p’

A Zeroth order fluid equations (given v, = 0):

op, 0
ot
Vp,(X)=p,(X) g
P, _ c(x)? op.
ot ot

A static but inhomogeneous ambient background field.
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Sound: first order

A) P v (o) =0

ot
(B) ﬂ S vp + p vzpo Zzroth N _ vp + g p
ot Pe P Pe P

This last termis negligible for oscillations satisfying

(o>>9—>f >>1mHz
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Sound: wave equation

Taking 0(A)/ot and substituti ng in (B) gives

82pl avr )
—_V. —V
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Taking 0(C)/ot and using the previous gives

1 82pr
c(x)® ot

—po(xw-[ -

P, (X)

0

Vp’] =0

the Pekeris equation (1948).




Where’s the
Helmholtz equation?

Define
P(x,t) = P(x)e™ = 'L;X(’g

Then the Pekeris equation reduces to

(V2 + K, (x))P(x) =0

where the effective wavenumber is given by

2
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Perturbation theory

A Rewrite the effective Helmholtz equation as
(H,+V)P(x)=0
where
H =V’ +ki(x)
and
V =k (X) = kg (X)
with
VI <<[H,|
Recall

ksfr (X): o _\/po(x) Vz(ﬁj

c*(x)




Solution types

A Depth dependent:
c(x) — c(2)
p.(X)  — pS2)
A Depth and weakly range dependent:
c(x) — c(r,2)
oc__ oc oc
§>>a>>%z0
p.(X) — p,(r2)

P >>8p0 >>%z0
0z or roe




Boundary conditions

A Continuity of acoustic pressure and the normal
component of acoustic velocity across interfaces:
P =P;
V.-A=Vv -N
A From the first-order Euler equation, for a time harmonic
source, this second condition is equivalent to

NP
pol poz

A= A

rough interface
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Depth-dependent solution

A The effective Helmholtz equation for a time harmonic
point source In a depth-dependent background is

(; 9.0 1 Qf 0’ ke (Z)jp(r’z)zsméi(r)éi(z—zs)

+ S+
ror or r¥o¢’ oz’ 27

A Taking a Hankel transform of this equation:

P(r,2) = [P(k,,2)J,(k, ")k, dK,
gives

S, 0(z-z,)
2T

(% + k:ﬁ (Z) — kfjﬁ(kr 1 Z) —




Depth-dependent solution cont.

A Glven a constant effective wavenumber, the Weyl-
Sommerfeld representation of a point source Is relevant:

eikeffR i = ei\/ ke k7 22|
= 2 2
4TCR 4TC 0 keﬂ‘ — k

r

3. (K Nk dk.

and the so-called depth-dependent Green function

becomes
iS ei\/ ke —k? 22

4n JkZ -k’

Pk ,z)=—
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Weak range dependence

A In the original Pekeris equation, assume harmonic time dependence
and insert the ansatz

p'(r,z) = @, (NY,(r,2)

with
c(r,z) and p,(2)

Define the local modes ¥_(r,z) through

0 1 6‘{’m(r,z) o’ L2 _
pO(Z)GZ[pO(Z) . )J{cz(r,z) krm(f)j‘l’m(f,z)—o

After a little algebra...
1§(r5(®m‘1’m)

ZFar or

m
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Weak range dependence cont.

¥ (r, :
A Applying the operator | () p”((rz)z)dz and using
orthonormality on the previous gives

10 (ra®n)+ K2 (N, +25°B,, 5;1)
m r

Far or
+YA D - S,o(r)Y¥, (0,z,)
m anpo (Zs)

where

A =ij”a(r8LPm)dz
™ Jrp, o\l ar

™+

and
B = jqj” o, dz
p, or




Weak range dependence final

A The Born-Oppenheimer (adiabatic) approximation drops these
coupling matrices, A, and B, and we are left with

S, o(r)¥Y. (0,z,)
2nrp,(z,)

1a(a®n
—|r

- +k> (N® =
ror 8rj (NP,

which in the WKB approximation becomes
i}km(r')dr'

where A is a constant fixed by matching to the range independent
solution in the far field (k. r >> 1).




A nice analogy
(Dashen et al.)

Application of the Foldy—Wouthuysen transformation
to the reduced wave equation in range-dependent
environments

Daniel Wurmser and Gregory J. Orris
United States Naval Research Laborvatory, Washington, DC 20375-5200

Roger Dashen?
Physics Department, University of California, San Diego, La Jolla, California 92037

(Received 4 November 1994; accepted for publication 13 September 1996)

The Foldy—Wouthuysen transformation can be used to reduce the relativistic Klein—Gordon
equation to the nonrelativistic Schrodinger equation. This technique is modified and applied to the
problem of wave propagation through media with a range-dependent index of refraction. The
forward and backward propagating components of the field are decoupled order-by-order to produce
a perturbative expansion of the range-dependent parabolic equation. The result includes
energy-conserving correction terms that can be associated with a rapid fluctuation of energy
between forward and backward propagating solutions of the Helmholiz equation. The approach
selects out physical processes which accumulate over the entire range of propagation, distinguishing
them from effects which depend solely on the initial and final values of the index of refraction and
its derivatives. It 1s also shown that the corresponding backscatter mechanism 1s fundamentally
nonperturbative, so that the parabolic equation technique as applied to the problem of propagation
through range-dependent media generates an asymptotic expansion of the exact solution. This
procedure has been applied to long-distance low-frequency propagation through a sound channel
with internal waves. For this application, the expansion parameters are typically very small, so the
propagation distances must be very large for the effect to be detectable. [S0001-4966(97)02203-0]

PACS numbers: 43.30.Bp [MBP]
1309 J. Acoust. Soc. Am. 101 (3), March 1997




A nice analogy cont.

4 Klein-Gordon to Schrodinger equation:
hyperbolic to parabolic equation

_(at)2 — iat

A Acoustic Helmholtz to parabolic equation (PE):
elliptic to parabolic equation

(0.)° >0,

A Another way of putting it: The valence QCD (Woloshyn et al.) and
ubiquitous acoustic PE method are analogous approximations. In
the former, backward propagation in time is suppressed, while in
the latter it is the backward propagation in horizontal range that is
being suppressed. Both are nonperturbative systematic

simplifications.
18




The application
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Summary

A Introduced Pekeris equation:

Wave equation for acoustic pressure
In a static inhomogeneous medium valid for
frequencies much greater than a milliHertz

A Discussed methods of solution

A Presented example shallow-water spectra




