PHYSICAL REVIEW D, VOLUME 59, 065009

Similarity renormalization, Hamiltonian flow equations, and Dyson’s intermediate representation
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A general framework is presented for the renormalization of Hamiltonians via a similarity transformation.
Divergences in the similarity flow equations may be handled with dimensional regularization in this approach,
and the resulting effective Hamiltonian is finite since states well separated in energy are uncoupled. Specific
schemes developed several years ago by Glazek and Wilson and by Wegner are shown to correspond to
particular choices within this framework. A modification of Wegner’s scheme is introduced with the idea of
improving convergence. It is shown that a scheme for the transformation of Hamiltonians developed by Dyson
in the early 1950s also arises from a particular choice within the similarity renormalization framework and is
particularly suited to analytic computations since the usual counterterm structure used in Feynman perturbation
theory is sufficient for this scheme. A logarithmically confining potential is shown to arise at second order in
light-front QCD within Dyson’s scheme, a result found previously for other similarity renormalization schemes
that used sharp cutoffs in momentum space to regularize the Hamiltonian. Steps toward higher order and
nonperturbative calculations are outlined. In particular, a set of equations analogous to Dyson-Schwinger
equations is developed for both the Dyson scheme and the modified Wegner scheme.
[S0556-282199)07204-3
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I. INTRODUCTION eventually led Wilson[1] to formulate his version of the
renormalization group, of which the similarity scheme used
While particle physics has been and remains to be guidetlere is a specific example.

by the desire to understand phenomena at ever shorter dis- The renormalization group is most often used in a very
tances, one may nevertheless argue that the most vital chakstricted way in quantum field theory. Typically, renormal-
lenge for quantum field theory has little to do with the phys-ization is used as a tool only to cover up infinities, to select
ics at Planck length scales or a theory of everyt{ifi@E).  out well-behaved*‘renormalizable”) theories, and to make
The challenge is how to solve strongly interacting quantunfinite redefinitions of couplings so as to reorganize perturba-
field theories, which inevitably amounts to understanding intive expansions in a better way. Renormalization transforma-
a nonperturbative way how a theory designed to fit the phystions that produce more complicated interaction terms are
ics of a smaller scale will determine the phenomena observegenerally avoided. This is because such transformations usu-
at greater length scales. The outstanding case is quantugly preak at least some symmetries and complicate pertur-
chromodynamic$QCD), but the problem has existed since p4tjye expansions. For a theory like QCD, however, pertur-
soon after the development of the renormalization progranjaiinn theory is not powerful enough to calculate low-energy

f(:r dqua;ntuml E{Ietctrodtynamlcs, Wtr;]en .ph}/s'c'jtfh begakr:l t henomena, for the lowest orders of a perturbative expansion
study strongly Interacting meson theories, an € Provient k nothing like what one finds from low-energy experi-

2;1%5\:/ ?r::tsgrr?;zti// e?]e.l.gog firso?r:gg ezya?g%ne who wants t?nents. In such a case, it might be worthwhile to consider a

In ordinary quantum mechanics, strongly interacting Sys_renormalization group transformation that brings new inter-
' tions, even if such a transformation hides symmetries that

tems may be handled by a variety of techniques based upo?‘f: ) . . . .
a Hamiltonian formulation of the theory in question. Relativ- " the usual perturbative scheme remain manifest. The idea is

istic quantum field theory, on the other hand, is studied alfhat such a renormalization group transformation can be de-
most exclusively in the Lagrangian formulation nowadays.Signed so that the new interactions it generates will contain
Lagrangian methods are favored because they better allote most important physics.
one to keep Symmetries of the theory manifest. However, In faCt, this is the main idea behind the S|m|lar|ty trans-
this generally entails a sacrifice in calculational flexibility, formation of Hamiltonians. The object of the similarity
with the result that one is limited to applications for which transformation is not primarily to produce a renormalized
perturbative or semiclassical methods are V@hd at least Hamiltonian, but rather to produce a Hamiltonian that can be
hoped to be Va]i)j This paper takes the view that a Hamil- dealt with in a way such that even first apprOXimationS in its
tonian formulation will provide a better starting point for the
study of strongly interacting quantum field theories. It was
this motivation, and the difficulties in its realization, that 1Matrix elements of the transformed Hamiltonibdi are “simi-
lar” to the original HamiltonianH if H'=PHP ™. If H' is to be
hermitian, we nee®'=P 1, and so the similarity transformations
*Email address: walhout@ect.unitn.it described here will all be unitary transformations.
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analysis provide a qualitatively correct description of thesional regularization and the Mandelstam-Leibbrandt pre-
physics. That the similarity transformation can be used tescription for the spurious light-front singularities, techniques
renormalize a Hamiltonian that contains divergences is just &navailable to previous light-front similarity renormalization
particular result of this more general requirement. The pracschemes. This leads to the main result of the paper: a second-
tical manifestation of this basic requirement is that the simi-order calculation of the quark-antiquark potential in LFQCD.
larity transformation produces a Hamiltonian where only In Sec. IV we formulate the solgtlon of the S|m|Iar|ty flow
states of nearby energy contribute to phenomena at a givegfluations in terms of_ genera+part|cle dressed .vertlces.
energy scale. Thus, Glazek and Wils] introduced their "€ resulting equations, which look much like Dyson- _
similarity transformation to deal with divergences in light- Schwinger equations, are of second order in these vertices;
front field theory, but also with the idea of using it to help @d We show how a specific choice of similarity
transform the QCD Hamiltonian into a form for which a transformation—a modification of_ Wegner_s. scheme—can
lowest-order approximation begins to look like a constituen@uarantee that these dressed vertices are joined by Feynman
quark model[3]. Wegner,[4] on the other hand, indepen- prppagators, which therefore permits a Wick rotgtlon to Eu-
dently introduced a set of Hamiltonian flow equations to deafidéan space. We show how analogous equations can also
with many-body problems which have no need of the renorP€ derived in Dyson’s scheme and that these equations are
malization of divergences. linear in the dressed vertices. Finally, we give a specific ex-
While our presentation of the similarity renormalization @MPle of how one may make approximations to sum a set of
scheme roughly follows Ref3], we introduce certain gen- d|agra}ms similar to those summed in the Bethe-Salpeter
eralizations that warrant a somewhat detailed summary dfauation. _ o
the framework. In particular, the adoption of the interaction e shall refer to a generic theory of fermionic and vector
picture is fundamental for what follows. The transformationsP0Sonic fields throughout the paper. Only when we present
of Wegner and of Glazek and Wilson are seen to follow fromth€ actual calculations do we specify our equations to the
more specific choices within our formalism. These three au@S€ of QCD in light-front coordinates and light-cone gauge.
thors are generally given credit for introducing the similarity " S€c. Ill, we show that the similarity-transformed Hamil-
transformation to field theory. Interestingly enough, how-tonian cor_ltamsapotenn_al that rises Iogarlthmlcally fpr Iarge_:
ever, soon after the development of renormalization theoryduark-antiquark separations, a result obtained previously in
Dyson himself in a difficult, fascinating, and seemingly uni- 0ther similarity renormalization schemgs3-13. This re-
versally ignored series of papef§] developed what he su[t |s_|nterest|ng because we e_mploy a more popula}r regu-
called the intermediate representation, which results from A2rization scheme than the previous calculations, which use
transformation that matches all the requirements of the simiSharP_momentum-space cutoffs and a principle value pre-
larity transformations developed by Glazek, Wilson, angscription for the light-front infrared singularities—the latter
Wegner. This is of more than just historical interg&f we  ©f which is known to cause some difficultis8]. We con-
shall see that Dyson’s scheme has some features that maké&{tde that the confining potential is not dependent on the
particularly suitable for perturbative calculations, and we'€9ularization scheme employed but is rather an inevitable
shall adopt it in the following. consequence of the light-front similarity renormalization
The outline of the paper is as follows. In the next sectionffamework. In Sec. IV we discuss a ladder-type summation
we provide a general interaction representation formulatio?f these potentials. These examples are only meant to be
of the similarity renormalization of Hamiltonians with re- Suggestive. More detailed applications of our similarity
spect to differences in unperturbed energies. We show hokgnormalization framework will be undertaken in future pa-
the schemes of Wilson and Gtazek and of Wegner correP€’S- _ _ _
spond to specific choices in our framework and introduce a S€ction V concludes the paper with a discussion of the
modification to Wegner's scheme designed to improve conld€as presented here. This last section is not just a summary,
vergence of the similarity flow equations. In Sec. Il we dis- fr it provides further motivation that could not properly be
cuss the perturbative solution of the similarity flow equationsdiven before the scheme itself was developed. In particular,

for these schemes by means of a diagrammatic expansiolf® discuss the significance of the similarity renormalization

which corresponds to that of old-fashioned time-ordered per§éheme for applications in light-front field theory and the

turbation theory. This leads to a detailed discussion of DysMotivation for the use of light-front coordinates in field
on’s intermediate representation, which we show corretn€ory in this light.
sponds to a specific choice of perturbative scheme in the
similarity renormalization framework. [l. SIMILARITY RENORMALIZATION SCHEME

The beauty of Dyson’s scheme is that it may be repre-
sented diagrammatically in terms of generalized Feynman
graphs—generalized in that amplitudes may be off energy We begin with a regularized field theoretical Hamiltonian
shell. The difficulty comes in demonstrating this; we canH, derived in the usual way from a renormalizable relativis-
only briefly summarize his scheme here, and we refer to hisic Lagrangian. We writeH=Hy+ H;,;, with Hy the usual
original papers for more details. We introduce a simple diafree Hamiltonian. Let us assume thatdescribes processes
grammatic formulation of Dyson’s scheme and show how itwhich at high energies may be well approximated by treating
can be applied to light-front QCELFQCD) to great advan- the interactionH;, perturbatively, but that its low-energy
tage. In particular, Dyson’s scheme allows the use of dimenprocesses and its bound states are essentially nonperturba-

A. General formulation
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tive. The problem here is tht, is a poor first approxima- It is convenient to first writdd ,=Hq+H™ and transform
tion for calculating low-energy phenomena. The similarityto the interaction picture),(t)=e'tot®e~Hot so that the
renormalization scheme seeks to change the original Hamiksimilarity flow” equation becomes

tonian into a form that is more suitable for calculations over

a wider range of energies. This is done by introducing an dH, (1) AT, (1)

energy scaler via a similarity transformatios,, (which will do 't ~[Tio(D).His(], ®)
always be unitary hejeRoughly speaking, the transformed

Hamiltonian H(,=S,,HSZ‘, will depend ong, the similarity whereH,U(t)=e‘H0tH‘§te*‘Hot—and so the undressed inter-
scale, as follows: processes describeddowhich transfer an  action Hamiltonian isH,(t)=lim,_..H,,(t). After Fourier
energy much greater thanwill be absorbed into the struc- transforming, Eqs(3) and(5) become

ture of H,, so thatH, will only describe processes that

correspond to energy transfers of ordeor less. )

Thus, we callH the undressed Hamiltonian at}, the Hla(w):Z 2775(w—Ei+EJ)HIaiJ:f(;)Gla(w)
dressed Hamiltonian. The undressed Hamiltonian is renor- . 6)
malized; that is, the undressed Hamiltonian is the sum of a
bare regularized HamiltoniaHg and a set of counterterms gng
H¢ that removes any dependence in physical quantities upon
the regulators. The structure of these counterterms must bedH, ,(w) (@) f

. T wlw

do’
determined as one solves for the dressed Hamiltadianin do S [Tel0) Hig(o—w))],
particular, the counterterms i ensure thaH , will remain )
finite as the regulators are removed. The dressed Hamil-
tonianH,, thus cannot produce infinities; and so the similar-respectively. Now we are ready to construct some suitable
ity transformationS, is finite, provided that it avoids singu- similarity operatorsT ,(w).
larities corresponding to small energy denominators. This
latter restriction shall be discussed presently.

. . . . B. Wilson’s and Gtazek’s scheme
To define such a transformation, we write the unitary op-

eratorS, in terms of the anti-Hermitian generator of infini- ~ Wilson and Gtazek first introduced similarity renormal-
tesimal similarity scale transformatiofs, : ization in the context of light-front Hamiltonian field theory
[2]. Their transformation was later elaborated upon in Ref.
>, [3]. Essentially, their choice of ; gives
S,=Sex do' T, b, ()
f( w) 1
whereS puts operators in order of increasing scale. Then the _d o
similarity transformation is given by the differential “flow” Tig(@) =59 — 71 Hiel@) ¢ 8
equation wf( )
g
d Z=—[T,,H,] (2)  which shall be called the WG scheme henceféiote that
g

property (4i) of f ensures thaf,,(w) is finite asw—0,
thereby avoiding possible problems with small energy de-
nominators. This is a great advantage of the similarity renor-
malization scheme. The flow equation for the chai@gis

with the boundary conditiohl,,=H. Now let the eigenstates
of Hy be [i), with Holi)=E;|i); and write the matrix ele-
ment of an operato® as O;;=(i|0|j). We wish to choose

T, in such a way that ©
—E. |o’(w)_f< )[ I(w)
Hai f( - ’)Gan, 3
f q f f(w’/(r )-1 )
where the “similarity form factor”f(x) is a smooth function i wf(wf/gf) Hig (") ],
such that
(i) f0)=1; XHg(0—o0') ] 9)

(i) f(x)—0 as x—e; The termd,.H,,/(»') on the right-hand side means that

Gil)  F*(0=f(=x): 4) when we express this as a pure integral equation it will con-
andG,, is a finite Hermitian operator. The similarity function
f has often been chosen to be a step function in previous?n the referred work the argument 6fwas €;—E;)/(E;+E;
work. However, this introduces nonanalyticities and in gen-+ o). It is the modification to simple energy differences used here
eral should be avoided. that makes the use of the interaction picture convenient.
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tain terms of all orders i, ,. Presumably, this makes the
equation rather difficult to solve.

C. Wegner's scheme

Wegner introduced his Hamiltonian flow equation to
study problems in condensed-matter physjds. In the
present notation, his equation is

dH, 1
__;[[HO,H

do - U']’HU']' (10)

This is a similarity transformation with the choic€&,
=[Hy,H,]/o°. Actually, Wegner advocates thidt, include

PHYSICAL REVIEW D 59 065009

We suggest that a similarity functiof(x) that falls off
less sharply—for example, of the form €x?) ™™, which
goes asx 2™ whenx—»—might be preferred over Wegn-
er's choice. In particular, fom=1 this latter choice gives

ot20 w-2o0’

200 ' 20’

B o' w+20")(0'?+ w?)
[0+ (wl2—0")?][0"?+ (w/2+ w')?]?’
(15

which falls off asw 3 when w—o. This damps far-off-

not just the free Hamiltonian but also the number conservingliagonal contributions t&, () that come from the nonlin-

part of the undressed—or even better,

the dressed-ear term in Eq(13). This choice is also convenient for the

interacting Hamiltonian. These are certainly choices whichdevelopment of Dyson-Schwinger-like equations in Sec. IV.

one can(and, perhaps, shoyldmake in any similarity

scheme, although they shall not be pursued further in this|). PERTURBATIVE SOLUTION OF FLOW EQUATIONS

work.

Wegner's flow equation can be seen as resulting from a

specific choice of the similarity functiohin a more general

A. In the WG and W schemes

One may look for solutions to the similarity flow equa-

scheme. This scheme, referred to hereafter as the W schemigns by expanding in the undressed interactityiw) via

results from the following choice of the infinitesimal trans-
formation operator:

d [Inf(w/o)
Tlu'(w)zﬁ - Hlu'(w)! (11)
which gives the following similarity flow equation:
do' d,/ Inf(w'lo’)
Higto) =1 2] M+ [ “aor [ 52 SR
X[ler’(w,)iler’(w_w,)]]' (12)

This closed integral equation looks simpler than B9, al-
though it is still nonlinear in the dressed Hamiltonian. To
recover Wegner's flow equation one just choodds)

—e~ W2 \which fulfills all the requirements Eq4) of a
similarity function. Using Eq.(6), the flow equation(12)
becomes

wt20 w-2o0'

Glg<w)=H.<w)—J:

' 20’
1 ! 1 !
X G|0.r E(()+C() ,G|0.I E(J)_(D ’ (13)
where
f(x)f'(x
F(Xllxz):_M (14)

f(x1+xp)

With Wegner's choice off, the form factor in Eq(13) is
F, =(wl20' +wlo')e? ' *e="?7"% and the divergent
dependence omw, while tamed by the overall factdi( w/ o)

in Eqg. (12), will nevertheless favor higher orders in an itera-
tive solution ofH, ().

d do,
Giy(w)= 2f a1, f g2
Xo(w—wy——wpH|(w) H(wy).
(16

Then the functiong" =g\ (w4,
recursion equation

..,w,), N=2, satisfy the

(n)_ do’ _
ga’w /2 {F(Qn Qm,Qm)

2

- F(Qm in_Qm)}gffn?zogE:r;m) ’

o

17

for the W scheme, witlg{")=1. We have defined her@,
=(wqt+ "+ wylo’. A somewhat more complicated equa-
tion can also be determined for the WG scheme.

The similarity transformed Hamiltonian is then obtained
by normal ordering the field operators in the right-hand side
of Eq. (16), giving a unique representation in terms of
normal-ordered products of field operators:

G.U(w):; 9on({Ph @) N, (18)

where the sum includes integrals over the momentasso-
ciated with the fermion and boson creation and destruction
operators in the normal-ordered produtf, . A given
normal-ordered term with coefficierd,, in the dressed
Hamiltonian will have contributions from an infinite number
of terms in expansiofil6), with each contribution consisting

of an integration over the product gf,”) with one or more
functions coming from the contractions of the field operators
in Eq. (16). Since these contractions do not come from time-
ordered products, one has many more contraction terms than
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in Feynman perturbation theory. Indeed, the resulting diaintermediate representation, which we have labeled with a
grammatic expansiof3] is that of old-fashioned perturba- (Dyson picture. In particular, the intermediate Hamiltonian
tion theory. is HD(t)=851(t)H(t)SD(t); and under this transformation
low-energy processes, corresponding to large tinfes
B. Dyson’s scheme >1/o, do not modifyHp(t) whereas high-energy processes
do. As a result, the intermediate Hamiltonian suppresses pro-

If the scaleo is large enough, then it is reasonable to ding to | diff bet
solve the similarity flow equations perturbatively as above;Cesses corresponding to farge energy dirterences between
asymptotic states. Indeed, Dyson chose the form

for then only high-energy processes will dré$s,, and we
have assumed for our theory that the interactions governing _ o
such processes are weak. However, the proliferation of dia- f(ot)=f dl“f(l“)e‘r"t (21
grams in old-fashioned perturbation theory makes the above 0
schemes quite tedious. Even second-order calculations c%n ~ .
be rough: and in light-front field theory, where similarity (SO iS the Laplace transform df) and showed that if one
renormalization methods have been in use for several yeafgposes the conditionf’(0)=0 then the (Fourier-
now, little has been accomplished at higher orders. Thus it ifansformed intermediate representation Hamiltonian obeys
more than a curiosity that Dyson long ago developed a simi-
I(_a\rity renormalization scheme that is_ based upon the e_valua- Hp(w)e iz as w—o. (22)
tion of off-energy-shell Feynman diagrams. Dyson’s inter- w
mediate representation was developed over several lon . . o Co
papers, and we refer the interested reader to the origindf|OT€0Ver, we can |dent|fy the |nf|n|te3|mal similarity trans-
work [5] for more details. Here we just summarize the salienformation operator associated wig(t) as
features in showing how Dyson’s scheme fits into our simi-
larity renormalization framework. ... d

Dyson  considered the transformation Op(t) To()=Sp (t)ﬁsD(t)
=S,51(t)(’)|(t)SD(t) of interaction representation operators
to another representation induced by the unitary operator

il t th-
-3 i”f_ dt1~--J_ At [H (L), . ..

g a—ift L dUH (1)
Sp(t)=Te b (19 X[H\(tto),d H (4] . . T. (23

where T is the usual time-ordering operat@cting only on , . . .
the integrated times in the expansion of the exponériad Thus Dyson’s transformation is an explicit perturbative rep-

H,(t,t') is obtained fromH,(t') by rescaling each occur- resentation of a similarity transformation, and the label
rence of the renormalized coupling, in H,(t'), including ~ Will always imply as scale dependence.
the counterterms, viayg— f(o(t—t)) with F(t—t’) Writing Ho(t)=Ho+HP(t) and using Dyson's param-

i ' ~a‘JR_ )8R etrization (21), the intermediate Hamiltonian may be ex-
—0 ast’——o andf(0)=1. We write pressed as a sum over normal-ordered products of field op-
erators

n

H,(t,t’)=2l [gR”f‘(a(t—t'))]“J d3 H M (x'). . )
n= D _ n
0 HP(w)=S, (or) [H | drifm)]%

Note that as the energy scate—0, f—1; and so in this XM}?)(M’{P}’{F})/\/{M- (24)
limit Sp(t) becomes the familiar time-evolution operator that
transforms from the Heisenberg to the interaction pictures. Iﬁ'he/\/lf{}) are c-number amplitudes depending on the field-
this limit, then, we can think of the “bare” interaction- operator momentg; and the “damping” factord"y. In the
picture operators as being dressed adiabatically with interadellowing, the integrals in the brackets in E@4) shall be
tions by Dyson’s transformation. included implicitly in sum ovem. Dyson showed that the
For finite o, however, only some of the interactions are amplitudesM can be calculated after analytic continuation
put into the operators; and ﬁgl(t) then transforms to an from the expression

% MON= (=D > onoly{ I fd“xi fw dte(t—to)
m=o M g =0 -
we i(@=oly—. .. —UFn)IQ{HEEO)(XO). . .anrm)(xm)}, (25
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where the second sum on the right is restricted such that X, X,
3;n;=n and using Eq(20) we have defined the “damped”
Hamiltonian density

x3
n;j x
Wo=en, 3 T, eo s
k=nj_1+1
We have also defined for future convenience the four-vector X X
A,=on,, wheren?=1 andn-x=x°% In evaluating Eq. ! 0
(25), theI'y are to be considered pure imaginary numbers. FIG. 1. Doubled Feynman graph.

Then the calculation of the amplitudes! amounts essen-

tially to the evaluation of ordinary Feynman graphs. The . . .

only difference is that energy conservation at each vextex We instead  introduce here an alterna_te but en_t|rely

is spoiled by a factoi (T, ,,+...+I,), and so one equivalent(and hopefully more transparendiagrammatic
-1 ' scheme that borrows from a formulation of perturbation

theory due to KadyshevsKy,8]. To do this, we express the
step function in Eq(25) as a complex integration through
the familiar representation

Dyson described a graphical method, using what he called
“doubled” Feynman diagrams, for calculating intermediate dy eir(t—to) dy elvot-to)
representation operators from expressions such ag2by. o(t—tg)= 57 3=ie | 241 oie 27
A doubled Feynman diagram is an ordinary conneated ™ ovle movle
+1-point Feynman graph in which a simply connected

“tree” of (fermion and/or bosgrpropagator lines are drawn i i
double. An example is given in Fig. 1. The doubled lines'n€n from Eqs(24) and(25), we find the Fourier transform

account for the damping factoFs, . The rules for the evalu- of the interaction part of the total intermediate representation
ation of such diagrams may be found[®i. momentum Is

needs to introduce a new graphical element.

C. Doubled Feynman graphs and spurions

PP.(p)=n,HP(p)

=\, 2GR S f

n=1 m=0 m!

dv —A, D fd4xe—i(p—Am+A)-x

2w v—ie o

n
X[H fd4xi]e_i(AO_A)‘XOQ_i(Al_AO)'Xl...e_i<Aml_Am)'Xm’]{HfHO)(XO)HI(nl)(Xl)...anm)(xm)}, (29)

where Af'=i(I';+ ... +Ip)\* and A#=—»\*. We ex- where pP is sum of the external momenta leavirg,q; is
pand the time-ordered product in terms of operator productthe sum of the internal momenta enterixg and so forth.

N and perform the configuration space integrals in 28), Thus the amplitudes\/l(Ar}"'“) are connectedn+ 1-point

so that the amplitudes (™™ result from integrations of ~ Feynman diagrams whose dependence upomthmay be
=m-—1 Feynman propagators depending loimternal mo-  accounted for by drawing an additional directed dashed line
mentaq, . Shifting the space-time variables in E@8) as
Xj—X; + X, we see thai\ is multiplied by an overalb func-
tion

MPOAPEAT 3, v) = (2m)* 89 (p—pO+p'), (29

which arises from integration ovex Herep© is the sum of
outgoing andp' the sum of ingoing external momenta. The
remaining integrals over the give the § functions:

(2m)*eY(pP—pl+a’—qi—Ai+Ai_y), (30

FIG. 2. Spurion graph corresponding to Fig. 1.

065009-6



SIMILARITY RENORMALIZATION, HAMILTONIA N... PHYSICAL REVIEW D 59 065009

as in Fig. 2, which is equivalent to Fig. 1. This is very similar tiplicative renormalizability apply, results that are by no
to the spurion line of Kadyshevsky’'s diagrammatic schemeneans clear in other schemes for light-front variables.

[7]. Although the rules for our scheme are quite different
than those of Kadyshevsky’s, we shall still call our dashed
line a spurion line. We treat the variablés* and A as
momenta and stipulate that the spurion line carries momen- As an example we shall look at the quark-antiquark po-
tum as shown in Fig. 2—namely, the spurion line enteringtential in light-front QCD. We do not discuss at length any of
vertexi has momentum\;, and that exiting vertex 0 has the many interesting, enticing, and puzzling features of light-
momentumA. The spurion line touches each vertex exactlyfront QCD. For more details see Ref8] and[15]. Here we
once, proceeding in decreasing order from verteto 0. A only highlight those fea}tures relevant to our calc_ulanon and
relabeling of the vertices 1 through will not produce a postpone any further discussion to the final section.

distinct diagram since Eq28) is symmetric with respect to Cor\]/\éhegufogm#;ﬁt?geuji;%e"e%ht(;;r?rgtegszqaz%arngig?é' con-
I'i«T;,i#j#0, and so for a given choice of vertex 0 we gauge, 9 Q

) . strained and one may develop an effective theory in which
may choose any ordering of 1 throughand ignore all oth- the gluons and quarks are two-component figldls For
ers, for they just sum to cancel the factoml/in Eq. (28).  g5e calculations it is more appropriate to use the original
As in the scheme of Kadashevsky, we may think of the spusq,,r_component constrained thedd0,11—for example, to
rion line as ordering the different vertices in time; however,jemonstrate that the Slavnov-Taylor identities are fulfilled
it is only the order of vertex 0 that need be distinguishedi12 11, In general, however, calculations are simpler in the
from that of the others. two-component theory, and we use this theory here. The

With the spurion line considered as carrying momentumgeynman rules for the two-component effective theory may
in the way described above, we have the usual fourpe found in the appendix of Ref9]. We calculate the coef-
momentum conservation at each vertex; and the evaluatioficient of theqg— qq term in the intermediate Hamiltonian
of the amplitudeM proceeds as that of an ordinary Feynmanto second order in the undressed couplipg Perry[13] first
graph. The spurion line serves only to shift the internal moshowed using a discrete similarity transformatigvith the
menta so that the dependence onAhés now carried by the similarity functionf chosen to be a step functipthat one
Feynman propagators—this is precisely the role of theobtains a logarithmically confining potential in the dressed
doubled lines in Dyson’s formulation. There will also always Hamiltonian. Zhang[14] later showed that a continuous
be an overalls function of the formé™*)(p— A+ A), which  similarity transformation such as those described hepe-
expresses conservation of total three-momentum but not esifically, the WG scheme of Ref3] with f a step function
ergy. The dependence d¥1 upon the variabled’; and »  Yields a potential of the same form. Wilson and Robertson
comes solely from this latte$ function, and so the integrals [16] gave general argumertnd caveatsor the appearance
over these variables in E¢8) will yield the similarity func-  ©f Such & confining potential in similarity transformed light-
tion described earlier, a function that by choicef @F ;) falls front QCD Hamiltonians. Glazek15] also gives a detailed

off at least as rapidly as @# when the total-energy differ- discussion and de.rlvatl'on of .the. potentltill. Here, we show
0 how such a potential arises within Dyson’s scheme.
encew=p" diverges.

g , . The graphs that contribute at second order are shown in
An important advantage of Dyson’s scheme is the appare; . 3 Graph ) comes from a ter ZH(Z)(X) in the
ent invariance of the expressi@@8). TheI'; and v are di- g. o b MOR/L

ol | d . i brok W b undressed Hamiltonian that arises from eliminating the con-
mensionless scalars, and covariance Is broken onl\by g aineq components of the gluon fidl]. The amplitudes
=on, which was chosen to have a special form. We not

now that the choice=(1,0,0,0) above gives the equal—timeecormSp()r](jlr]g to the graphs in Fig. 3 are

formulation described here, but one could just as well choose 5 1

n=n, with n2=0, n, -x=x"=x°+x%. This latter choice M= _4i9RTaTaﬂ(2ﬂ)45(4)(p—Ao+A),
of \ ensures that Eq28) yields the light-front formulation P17 Ps (31)
of the Hamiltonian, withx® the “light-front time.” It is

important, however, that divergences arising from the inte-

grations in Eq.(28) are independent ok, for they occur wherep=p3+ps—p,—p; andAg=iN(I';+T',);

when the internal momenta of our Feynman graphs diverge

with respect to the variable&;. Thus the determination of

the counterterm structure ¢f, is entirely equivalent to or- 4ight-front longitudinal momentum isp* =n, - p=p%+ p3,

dinary Feynman perturbation thectyn particular, the usual light-front energy isp- =n_-p=p°—p®, and transverse momen-

rules for power counting, separation of divergences and mult—um is pL=p', i=12. The scalar product ip-x=23p*x

+2p x*—p,-x,, where the notatiom, -x, meanspx'+ p?x2.
Occasionally, it is convenient to define the light-front 3-veqpor
3As with Feynman perturbation theory, the light-cone gauge=(p*,p,) and the producp-Xx=p*x~—p,-x, . On-shell par-
choice A*=n,-A=0 is noncovariant and necessitates the intro-ticles satisfyp’=(pf+m2)/p*, from which it follows that trans-
duction of countertermfl 1] that depend om. =(1,0,0+1). Such  verse momenta scale as masses but longitudinal momenta scale dif-
counterterms, of course, cannot dependoon ferently.

D. LFQCD qq potential
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(a)

(b) (c)

FIG. 3. Orderg? diagrams contributing to/g— qa.

qil _O-J_'pSJ__imo_i 5 o Py +im
[q7] 2[p3] Bt 20pg]
—4igdT*T? [ o\ o, -py —im i
o*tie |[a71  2pi]
_ 0 Pgy+im
t 20pg]

iMb:

](277)45(4)(p—A1+A), (32
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where p is as aboveAy=iAl"1, A;=iN[>,+Agy, andq
=p3—p;+Ag—Ay; and, finally, M. is obtained fromM

by the substitutions\«— — A, andAg— —A4. In general,

we need to regulate the singularities as the longitudinal mo-
mentumg*=n-q—0. As is usual for Feynman diagrams in
light-front variables, we use the Mandelstam-Leibbrandt pre-
scription[17]

1 _ q _ 1
[a*] afa +ie q +ieN(q )’

(33

For the four-point interaction of Eq31), we interpret this
prescription to be

2
[py —p3 12

[ PL—P; ]2
(p; —P3)(P; —P3) +ie
+{ P — P2

(p1 —P3)(Ps —Pz) +ie

(34

The potentiaM(p4,p2,P3.P4) iS proportional to the sum
of these termsM,+ M+ M, integrated over the variables
I'; . We are interested in how this potential behaves at large
separations, for which the terms proportional ¢g' ]~ * will
dominate the expressions in the brackets in B8). Sum-
ming the three diagrams, we have then for the long-range
part of the potential

iV g6 (p)=—4gaTaT25® (TJ dr f(r )f dr,f(T )U—Fl
LR 9r 1 2 io(T 1+ 1)
(97)? atq” (G)? q'q”
Ea— - 2" — 2 - F=— A 2" F~— 2 . 1 (35)
(aTq +ie)* qtq —qi+ie (q'G +ie)® q*G —q +ie

whereq™=p; —p; —iol'; and§ =p, —p, +iol'5. For
smallg=p3;—p1=p>—Pa, the energy differencp™ can be
ignored with respect tar. We calculateV g(x,X,), the
Fourier transform with respect ig of Eq. (35 under this

the couplings now run with two scales will have profound
implications at higher orders, but this does not concern us at
present. Settingg~ —0 in Eq. (35), generalizing tad trans-
verse dimensions and taking the Fourier transform, we find

approximation. We need to be -careful, however, for
V r(0,0) diverges. This is a result of well-known infrared
singularities due to the choice of light-cone gauge, singulari-
ties that are known to cancéh perturbation theory, at legst

QRM
A

Vir(X7T,x))= TaTa

when evaluating gauge invariant qL_Jantities. XJ dT, f Fl)J dr f(l“z) ar,r,
Now, when using light-front variables, we need to take r,+r,

into account that transverse and longitudinal variables scale

differently. Thus there is a transverse mass sgaland a 2 Xt

longitudinal momentum scale The energy scale is then [2 d tytE 1ﬂ24 plx~ |)

=u?lp. It is natural to use dimensional regularization to b2

handle both ultraviolet and infrared divergences in our ‘in MEXY } (36)

scheme by taking the number of transverse dimensions to be A ||’

d instead of 2. Then we must introduce an arbitréarans-
verse mass scale, which we take to e This means the where y is the Euler-Mascheroni constant ari,(x)
similarity flow is governed by the longitudinal scgleThat = —Ei(—Xx) is the exponential integral function. This gives
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a long-range logarithmic potential independent of the choic& he divergent piece in E436) can be seen to be of infrared
of f(I'), which just affects its strength. Indeed, we can usenature since it arises from a factdr((d/2)—1), which is
the relationE;(z) — — y—Inz for z small to see that regulated by increasind.
_ _ 2 2. We have dropped a short-range term from the potential in
Vir~Inp|x~| for 4p|x”|>TouxT; (37 going from Eq.(35) to Eq. (36), namely,

otherwise,E; is of order 1 and the Inzxf term dominates.

2 2TaTa
_ QruSTET f“ f’“ 2D f(CLfTy) (0
VsrX,)= "4 Jo dr, . dI’; T +T, i cos (X, - P3y)
. * dt P ® dt P
—icos XX, -pg )+ —Jo(t)e"xrpsit+f — Jo(t)e™ e Path (38)
I, [Ipa. | ¢ I, [1Pay t
|

The dependence on the transverse mompgtaandp,, in  where p=p°-p', as before, and N (t)

this term arises from the Mandelstam-Leibbrandt prescrip=e'"o'A/; e ™Mot Taking the Fourier transform of Eqg.
tion for the infrared singularities. This potential is clearly (12—we only consider the W scheme here—we find
small at largex, ; however, at smalk, it gives a—In ,uzxf
contribution that precisely cancels the logarithmic term in ~ %
Eq. (36). Of course, to find the correct short distance form H|g(t)=f dt’f(t—t')H|(t’)+f do’
one has to also include the other terms from H8) and 7
(35) that were dropped in arriving at E(B6). _

Finally, a simple choice of that satisfies the above con- XJ dt'dt"F ;o (t=t" 1" =t )H o (1) H, 5 (1),
ditions isf(I")=6(I'—1)+ &' (I'—1). This yields

(41
2 2TaTa 2,2 ~ . .
V(X" X, )= Qru“TETH | 2 P e Xt wheref(t) is the Fourier transform of(w) and
LR )T 47TP Z_d Y 1 4p|x—|
2,2 )
X —
+n “4;)], @ o [dede iw’tzf(0->
oo (t1,1) = 27 27Te € ¢ w
o'
where we have dropped yet another short range piece. Since , o
the divergent constant in Eq39) is infrared in nature, it d,, |nf(w_,) d, |nf<g)
does not get cancelled by a counterterm. This is important. % o)
Perry[13] has argued that this divergence is cancelled by a ' w—w'
similar infrared divergence in the quark self-energy for color 42
singlet states, but that for color nonsinglet states this cancel- (42

lation does not occur. o ) )
Now let us choose the similarity function suggested in Sec.
I, namely, f(x)=(1+x?) 1. Then the term in the brackets
V. TOWARD A NONPERTURBATIVE SOLUTION in Eq. (42) has a pole structure im’ that yields step func-

tions int, after integration. We find
A. Dyson-Schwingerish equations

Within the WG and W schemes, there does not seem to be o o olt—t/] ,
any great advantage in solving for the dressed Hamiltonian Hio(t)= 5[ dt'e Hi(t")
by using the perturbative expansi¢h6). Rather, we can

express the dressed Hamiltonian from the outset in terms of ioc (= o'?=0o? b e ol [t~
normal-ordered products of field operators as follows: 4, do o3 dtdt’e
Hio0) =3 Noa{PHEP" Ny = 3, Ny (1), X(e Ve U ()i (1))
(40) —T{H, o () H o (1)}, (43)
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whereT orders in the opposite sense AsWhen we substi- €quations one can use a variety of approximations t4.
tute the expansiof0) in Eq. (43), we find that contractions in order to sum up infinite classes of diagrams. We note that
of field operators resulting from normal-ordering in the right- Ed. (44) permits a Wick rotation to Euclidean space and thus
hand side will only be of the Feynman type. Moreover, wethe normal power counting applies in determining the coun-
need On|y consider the Operator terterm structure. This does not seem to be true for all
choices of the similarity functiof.
_ E I a—olt—t’| ’

Kolt)= 4 f dt’e () B. In the Dyson picture

io (= o'2— o2 o We can also develop Dyson-Schwinger-like equations for
-7 da’TJ dt’dt’e o 1"Vl the intermgdiate H_amiltonia_n by introducing_ a new time

v scaleT>0 into the integrals in Eq19). We define

X (e e T TH L () H 6 (1),
(44

Sp(t,T)=Te M-t Mt (46)

so that
since from the hermiticity oH,, we have

t
H (D) =K ()+KI(t). (45 HP(t,T)=—LTdt’dtH.(t,t’)

The calculation oK, involves only proper Feynman propa- t
gators, and one need only consider connected graphs since +if dt’[H|(t,t’),H,D(t,t—t’)], (47)
disconnected graphs will not contributeHip, since they are T

; ; t
cancelled by identical terms ok, which is a linear integral equation. The usual intermediate

We eXpa”de,{t) as we did f(_)rH'“,(t) in Eq. (40)—so Hamiltonian is then obtained frorhl,D(t,T) by taking the
thath,y=Kaa+ kG \r—and substitute in Eq44). The am- it o The solution to Eq(47) has the form
plitudesk,, - so defined are to be solved by iteration. One can
always organize such an iterative solution to reproduce the 5 3 [t oAt "
perturbative expansion of Sec. Ill, should one care to. In- HP(tT)=2> ng _dr’e” nl % hpa({p}.{T'})
deed, by expanding the dressed amplitudieg in powers of " ~
the undressed amplitudés,, one recovers the perturbative X Nipi(t'). (48
scheme of Sec. IllA. However, now there are other more
interesting possibilities, for just as with Dyson-SchwingerKp(t,T) is defined analogously td,(t) above, and we find

t .
Ko(t.T)=2 gh f dge! 10> KEIAp)(to)
n t=T

t
t=T

. G'nrl .
=2 & f dtoe'Ant‘ 5 e Mo DA (to)

Tt 4 . o
+in§l todtle_'(/\n_An’)tOQ_'UAn’tl%ﬂ h{pn >h<D“A;,7w{p}(t0)/\/{p,}(tl))]. (49)

The time-ordered product is expanded using Wick's theorem and the product of all contractions—that is, the priguct of
boson and fermion propagators—is written.8, , so that we have

N
RN (Mo (1)} = 5[11 <2w>“r>*‘”<qr—qi>]M{q}:Mp/q}awpuqf}(t'):- (50

The notation/\,/q, means theN, field operators corresponding to the contractions are dropped from the normal-ordered
productN,, . We now take the limiff — o, express the step functions limiting the time integrals as complex integrations as
in the previous section, and then perform the time-integrals in(4&%). Then using Eq(50), the amplitudes satisfy

dv' 1 :
= S R 278(p — Apt Ay +A)

iA "
(n) _ —_ N _
kh2m8(p—An+A) 5 hi 27 8(p An+A)+n§/:1f 2 v Te 2,

X Mgh)2m8(p—p' = Ay —A'+A), (51)
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e TET

— <

FIG. 6. Definition of input potential for approximation wq
—(qQ vertex.

of 1T (p3) ¥ (— po) ¥(— pa) ¥(p1):, which is antisymmetric
under eitherp;«<>—p4 Or pz<— —p, and symmetric under

(p1,—Pa)<—(p3,—p2) plus complex conjugation, the dia-
grams in Fig. 4 represent additional processes—for example,
the last diagram shown represents processes where the un-
dressedqg—q vertex is attached to any of the four quark
legs.

R An advantage to having an equation that is linear in the
dressed vertices, as in the present case, is that the undressed
Hamiltonian has a finite number of terms, whereas the
dressed Hamiltonian can have terms with any number of
5 N legs. Thus a diagrammatic expansion for any given dressed
o vertex based upon E®4), which is nonlinear in the dressed

vertices, will contain an infinite number of graphs since there

FIG. 4. Diagrammatic equation for genecg— qq vertex. can be any number of internal lines connecting the two

dressed vertices. In contrast, the diagrammatic expansion for
where the last sum is ovek”, N =N,y , N such that  any given dressed vertex based upon Eif) contains a
-/v{p’/q}-/\[{p"/q} —N{p} and the other quantities are defined asfinite number of graphs, since the number of internal lines is
above, withA’=—v'\. This equatlon has a S|mple graphl— limited by the undressed vertices.
cal interpretation in analogy with the spurion diagrams of
Sec. Il C. If we draw a spurion line as in Fig. 4, entering the
undressed vertex with momentufy,, carrying momentum
A+ A" from the undressed to the dressed vertex and exit- As an example of this final formulation of the similarity
ing the last vertex with momentum\, then the total transformation, let us set up the calculation of an approxima-
4-momentum is conserved at each vertex. tion to the general quark-antiquark potential in light-front

Figure 4 is a graphical representation of Es{l) for the  QCD. We start from the diagrams in Fig. 4. There will be
gq— qq amplitude. Undressed vertices are denoted by a dosimilar diagrammatic equations for the dressgg—q and
and dressed vertice®f type kp or hp) are denoted by a qqg—0qq that appear in the equation for the dressgy
bubble. The resemblance to Dyson-Schwinger equations is-qq amplitude. We may approximate these latter equations
evident. The dots indicate that we have not shown diagramas shown in Fig. 5. According to this approximation, we treat
that modify the quark legs onl§counterterm diagrams from perturbatively vertices that change gluon number; in the first
the undressed Hamiltonian ang-dependent mass terms approximation the dressegl—qg is equivalent to the un-
from the dressed Hamiltoniaras well as diagrams that in- dressed vertex. Consistent with this approximation, we take
volve dressed vertices with more than five total quark andhe amplitudeqqg—qq to be as in Fig. 5. This corresponds
gluon legs. The diagrams fdfcT are equivalent to those to taking the input potential for the dressqqﬂqq ampli-
shown here, except the dlrectlon of the spurion line is retude to be as in Fig. 6. This yields tt@(gR) potential cal-
versed. Diagrammatically, it is easy to see how an iterativeulated in Sec. Ill D.(For simplicity, we have neglected to
solution of these equations, starting with the undressed vedraw the spurion lines in Figs. 5 and &he equation for the
tices as input, will reproduce the perturbative diagrams otlressedgqg—qq vertex in this approximation is shown in
Sec. llIC. Of course, the diagrams are precisely equivalenfig. 7. This looks very much like the Bethe-Salpeter equa-
only in the limit T—o. Note finally that because the ampli- tion. Here again, we have ignored corrections to the external
tude k3%2%(p;,— p,; — p4.p1) entersKp as the coefficient legs. Clearly, improving the approximations for the gluon-

number-changing vertices corresponds to including higher-
ﬁjjd order radiative corrections to the input potential of Fig. 6.
While we shall not solve for this dressed amplitude here,
~ - jgz it is perhaps instructive to set up the equations in some de-

tail. From the above, the dressed vertices are

0 dv
(n) N |
W zqzm> ~ % < 2q2> hDN('[)_ep tf 5T e N(A) (52

FIG. 5. Approximations fog— gg andgqg— qq vertices. with hg‘)\,(A) =278(p—A,+A) hg‘j)\f satisfying

+ =

+ e

C. Ladder summation of LFQCD potential
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The undressed(gg) quark-gluon vertex i$9]
——>——~<‘{)>»——>-—— A an |
grdM(I) = ¢(p3,0;p1)(2m)*S(p3+q—p1— A+ A),

I ————«< % —— - i i
.  or-Pz.—IMe |
0;P1) = —grT? 2 '
é(P3.9;P1) = —0Or | ] [pi] o

+ - 1{,) ..... Lo m [ 0L Py Timeg
-0 ———— (56)
o Ips]

I <3> The undressed(g2)qq— qq vertex is

gRVP(A)=V(p3—p1)(2m)*8(p3+Ppa—P1—P2—Az+A)

+ —e———@) —————— b 1
V(p3—p1) =40RToT? ———= (57)

[P3 _pf]z'

FIG. 7. Bethe-Salpeter-like approximationdg— qq vertex. ] . )
We have seen these undressed vertices in the perturbative

dv’ 1 calculation of Sec. 11 D.
- The next to the last graph in Fig. 4 is

n
(n) — i (n)
hoM(A) Ay (A)+ E 2 o v —ie

n'=1
XhO (A MghT (A=A dv’ 1 d*q .
N taF o J ﬁmfwdﬁ(/\ JIDE(Q) pp(A—A").
2”: dv’ 1 (58)
-~ 27 “Lv—v —ie
n=l NN Using the approximatioii54), this becomes
XhI A MG (A= A), (53)

dv' oI’y

_ . V(A)E—f—. —— ¢ (— 2,8, —pa)D(Q)
Let us call the dressedq—qq vertex h23?9=Vy; the ¢ 2 v i ¢ (TP2G P
dressedq—qg vertex hij§9=¢; and the dressed|qg % (24 5(0— At A 59
—0qQq vertex h23%29 ¥, . Undressed vertices, as above, (P, ~Tipo)(2m)a(p=AatA), - (59
are denoted by dropping the subscript—note that¥ =0.

TR . wheref=p,—ps+ (iI's+ v')\. There is a similar contribu-
Now the approximations of Fig. 5 are

tion to & from the termk/;, . Indeed, it is identical after the
replacementi—q=ps—p;— (i',+ »’)A—this corresponds
PP (A)~8"oT 1 pD(A); (54)  toreversing the direction of the spurion line. We write this as
chvblqﬁa, as in Sec. Il D. After integration over’, the
sum of these terms and the undressed veMegives the
dv d* 1 ) input potential of Fig. 6, namely,
g~ f > ﬁ[md)(”(w&(q)

Vo(A)=20T 1 V(A)+Vp(A)+V(A)

1
XVE(A—A")— ————VE(A")iSE(q)
D v —ig P F =o' Vo(2m)*8(p— A+ A), (60)

—
><¢(1)(A—A')]- (55  where

Vo(P3,—P2; —P4,P1) =V(q) +V(G)

— ¢ (— P2, d; —Pa)D(A) d(P3, — A P1) — b (— P2, T; — P4)D(T) p(P3,T; P1), (61)
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with q=p;—p;—iT'5\ andG=p,—p,+i,\. Substituting
this into Eq.(52), we recover the ordeg? potential of Sec.
[l D, as indeed we must. Thus the first and fourth terms on
the right-hand side of the equation in Fig. 4 plus their con-

PHYSICAL REVIEW D 59 065009

Jdv’ 1 dq d*q’
27 v —ie ) 2m*) 2m)*

X ¢T(A)D(QS(—q)W(A—A"). (62

jugate graphs sum to give the first term on the right-hand
side in Fig. 7. Using the approximatioifs5), the integrand in Eq(62) be-
The last graph in Fig. 4 is comes

f dV" d4 " 1 ; . ,.A, D S ’
27 (277)4]} — _|8¢(_p21q1_q ) ) (Q) F(_q)
Xp(q",—q;p1; A" —A")Se(q")Vp(P3, —q'; —pa, 9" A—A"), (63)

plus a similar term in which the gluon couples leg, to p;. Other terms are either ignored because they only correct the
external legs or else not distinct because of the symmetries of the amplitude. The term give(6i8) By be summed with
the second graph on the right-hand side of the equation in Fig. 4 to give

Vo(d,—P2;—9",p1 A )Se(A)S(—q" ) Pp(ps, — 4" — Pa, ;A —AT). (64)

This is the second graph on the right-hand side in Fig. 7. The remaining graphs in Fig. 7 result fr¢4)Hiy. complex
conjugation(reversing the spurion lineand by the substitution- p,< —p,. We have, finally,

d4 d4qr
Vo(P3,—P2:—Pa,P1;A)=Vo(P3, —P2; = Pa,P1; A f 2t ) 2nf
X Vo(q,—pz;—q’,pl;A’)WVD(DS,—Q’;—M@A—A’)
+VD(q,—p2;—q’,p1;A’)Wvo(ps,—q ~Pa, ;A=A
—Vo(q,q’;m,pl;/\’)%Sfimvo(ps,pz;q’,qﬁ—z\’)
_VD(qiq,;p4:p1;A,)% Vo(Ps,P2;9",0;A—A") . (65)

It would be interesting to approximaté, further by just tion theory. QCD is of course the theory that we particularly
taking the long rangésmallq) part calculated in Sec. IlID have in mind. The basic idea behind the similarity renormal-
and substituting this in Eq65). The infrared divergence in ization scheme is that the Hamiltonian of such a theory can
V, will be cancelled by divergences in the self-energy cor-be transformed into that of an effective many-body theory
rections to the external leg&ee Sec. Ill D—corrections where states that differ greatly in free energy are essentially
which we have ignored here but which must be included ifuncoupled. This resulting many-body Hamiltonian can then
one wants to solve this Bethe-Salpeter-like equation in a corbe solved with recourse to the many available approximate
sistent manner. This paper is long enough already, and thergiethods such as variational approaches, trial wave functions,
fore such a calculation will not be undertaken here. iterative techniques, and numerical basis function ap-
proaches. The similarity transformation achieves this goal by
smoothly eliminating interactions between states whose free
energies differ by an amount greater than an arbitrary scale
In this paper we have developed a similarity renormalizaintroduced by the transformation. The result of this elimina-
tion framework for the study of strongly interacting field tion is to create new interactions between states that differ in
theories. The basic view of this approach is that Hamiltoniarenergy by an amount less than The assumption is that
methods will prove most fruitful for the solution of such from these new interactions one can extract potentials that
theories. The generic theory for which our framework hasdescribe the relevant physics.
been developed has interactions that are weak asymptotically Clearly, no physical result can depend on the renormal-
but grow large enough at low energy to invalidate perturbaization scalesc. However, the calculations can only be ap-

V. CLOSING ARGUMENTS
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proximately carried out for most systems of interest, and s@articular, renormalization of divergences for QCD in equal-
one will need to choose a value efthat makes the approxi- time coordinates and the light-cone gauge is well understood
mations as valid as possible. Computations in this frameworksee, for example, Ref$10,11]), and we can rely on such
involve two steps: first, the similarity transformed Hamil- prior work in determining the dressed Hamiltonian in the
tonian is calculated; second, this Hamiltonian is solved. Théntermediate representation. There are of course other, more
first step is most easily done perturbatively, which requiregechnical difficulties resulting from the choice of light-front
that o be large since only at high energy is the couplingcoordinategfor example, rotations about the transverse axes

small (by assumption The second step is most easily done@r€ o longer kinematicalbut these should not be prohibi-

when as few states as possible are coupled strongly, whidive. Indeed, there are also some technical advantages to the

requires thar be as small as possible. Inevitably, one mustUSe Of light-front as compared to equal-time coordinates
make a compromise and choosein some intermediate €X@MPle, now boosts are kinematjcal _

range. If the Dyson-Schwinger-like equations developed in The essential reasons fo_r using Ilght—frqnt coordinates fol-
the last section can be implemented, it may be possible to g@W from the free particle dispersion relation

beyond the perturbative calculation of the dressed Hamil-

tonian so tha can be lowered to values for which pertur- _ prrm2

bation theory begins to break down. However, in most cases p = pt (66)

it will probably be better to keep large enough that the

Hamiltonian can be dressed perturbatively, since the tool§his implies that all on-shell particleéand antiparticles

available for the second step are generally more powerful. have have longitudinal momentup*=0 and all physical

That the elimination of couplings between states sepa- o :
. . . states have total longitudinal momentuf®™=0. The
rated by large energy differences turns a field theory into aacuum ha$* =0 and is therefore built only from particles

many-body theory is clear if the free particles are massive. Ye .

o is lowered to just above the particlg masses, then creatin{ |t_h_p*:_O. From Eq.(66) we see ﬁha‘ such p";‘”'c'es have
or destroying a particle will cause an energy difference of 'f|r)|te. (light-front) energy .unlesspL=0 and.m.='0. The
orderg. This means interactions that change particle numbepimilarity transformation will deqouple the infinite energy
will be suppressed. If the particles are light or massless, howStates from the low-energy physics, and the computation of
ever, as in QCD, it does not follow that the similarity trans- (N vacuum state is then greatly simplified. Indeed, if we
formation described here will suppress interactions thaf“’,e gluons a small mass, all particles wigh =0 have in-
change particle number. Indeed, one might consider it bettdf"ité energy, and the vacuum state of the dressed Hamil-

to have the similarity function depend on differences in par-onian is just the trivial free vacuum state. Likewise, in

ticle number rather than on differences in energy. HoweverPuilding any bound state of the dressed Hamiltonian, we can
such a transformation is unlikely to be feasible in perturbaf€y On the fact that the total longitudinal momentu
tion theory, for one no longer has a means of eliminatingMust be built up from constituent longitudinal momepfa
only high energy degrees of freedom. Moreover, one would® 0- If the energy of each constituent is to be less trawe
lose the advantage that small energy denominators af@ust havep=(p?;+m?)/c for all p;", and thus in effect
avoided. Instead, one can use the similarity transformation iMe have a bound on the number of particles that can make up
a light-front formulation of a theory such as QCD. We shall & state. Again, the only particles that escape this lower bound
argue in the following that this change of formulation of the on the longitudinal momentum ar@nasslessgluons with
theory will provide a means of turning even QCD into a p2,~0, but one can hope that such highly transversely local-
many-body problem. ized particles will have little contribution to low-energy
The use of light-front coordinates in field theory is not states. In any case, it is clear that effects associated with the
new (see Ref[3] for a review and an exhausting—if perhaps quark-gluon sea in the equal-time formulation of QCD wiill
not quite exhaustive—list of referengeSuch calculations be largely, if not totally, replaced by interactions in the
are considered difficult, partly because they are unfamiliargressed Hamiltonian after a similarity transformation in the
but also because they really are difficult. One of the majotight-front formulation.
difficulties with the use of light-front coordinates is that Lor-  But the most interesting result of the light-front formula-
entz covariance is no longer manifest once one chooses twn is that longitudinal and transverse variables scale differ-
particular direction in defining the light-front time. Another ently (this has been repeatedly emphasized by Wild$)).
problem is that calculations are only feasible for a particulaiThis can be seen from the dispersion relati66) and has
gauge choice, the light-cone gauge. These problems severdhgen discussed in Sec. lll D. Thus the similarity renormaliza-
complicate the renormalization of divergences, and this hation of light-front Hamiltonians depends on the energy scale
slowed the advance in light-front computations. The fact that through both a mass scaleand a longitudinal momentum
in our similarity renormalization scheme the calculation ofscalep. The mass scalg may be taken to be that introduced
the dressed Hamiltonian can be expressed in terms of Feyly dimensional regularization. The QCD coupligg runs
man diagrams is therefore significant. It means that diverwith this scale, angk must be taken large to keg small
gences can be handled with dimensional regularization, thenough for perturbation theory to remain valid. However, the
infrared singularities can be handled with the Mandelstamsimilarity functionf runs with the ratiocc= u?/p; and thus,
Leibbrandt prescription, and the counterterm structure is theaven though the mass scgle be large, we can suppress
that of covariant formulation@vith noncovariant gaugesin -~ couplings between states with energy differences above a
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given value by making the longitudinal scaléarge enough. nary Feynman graphs means that perturbative light-front
We have seen that light-front energy increases with particl&@CD computations are feasible. These computations should
number; and therefore at largahe similarity transformation yield a dressed Hamiltonian that is considerably closer to
will suppress number changing interactions in the dressegtrong-interaction phenomenology than the usual free QCD
Hamiltonian, thus turning the solution of QCD bound statesHamiltonian. That we find a confining potential already at

into a many-body problem. If the quarks and gluons are astree level may be taken as a positive indication of the utility
signed large constituent masses—and this is a perfectly valigf this approach.

choice[3] at second order in the similarity renormalization
scheme—then the many-body problem is indeed a few-body
problem. That the mass scale may be nevertheless kept
large provides the possibility that the transformation may be
accurately calculated in perturbation theory. That Dyson’s | have benefited from past discussions with Ken Wilson,
intermediate representation is a particular similarity renor-Avaroth Harindrinath, and Robert Perry. | thank J. S. Wal-
malization scheme that may be expressed in terms of ordhout for first pointing out Ref[6] to me.
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